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Abstract: In theoretically traditional practice, the cutting force calculation/prediction based on the cutting force 

coefficients (CFCs) will not be affected by the properties of the machine tool such as the structural dynamics and the 

Frequency Response Function (FRF), etc. It means the CFCs are related only to the paired cutting tool and workpiece, 

but not the machine. However, it seems to be not the same in practice. This paper proposes an alternative method by 

conducting the cutting test experiment on the other machines that have enough working space for a dynamometer to 

be installed for the cutting test, and then applying it to a small working space machine. A series of experiments had 

been designed for cutting test and tapping test to verify the proposed method. This paper then focused on the 

exploration of varieties that influence the cutting forces. Finally, a new stable machining method has been successfully 

developed and verified with a case study by using a real seven-axis mill-turn machine tool (MTM) different from the 

machine tools used for the cutting test. 
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Introduction 

     Machine tools encounter both forced and self-

excited vibrations during machining operations. 

Prediction of the cutting forces has been studied over the 

years and it can help to avoid chatter, tool breakage, 

deformation, etc. Knowledge of cutting forces is very 

important because it leads to an efficient machining 

process through the proper selection of metal cutting 

parameters, machine tools, fixtures, and tools. The 

traditional mechanistic approach is frequently utilized in 

predicting the cutting forces, where the cutting force 

coefficients (CFC) are obtained through the experimental 

curve fitting to measured average cutting forces. Lee and 

Altintas [1] predicted cutting forces in ball-end milling 

from orthogonal cutting data and found that the predicted 

and simulated cutting forces in ball-end mill operations 

were in good agreement. Shirase and Altintas [2] studied 

cutting force and dimensional surface error generation in 

peripheral milling with variable pitch helical end mill. The 

accuracy of the predicted milling forces for the helical end 

mill has been verified for several cutting tests. And the 

force prediction in variable pitch cutter was used to 

reduce dimensional surface errors as well as suppress 

chatter vibrations. Budak, Altintas, and Armarego [3] 

predicted milling force coefficients from orthogonal 

cutting data. The percentage deviations of the average 

and the maximum cutting force prediction from the 

measurements was about 81% of the force predictions; 

less than ±10% deviation in the x and y directions and 

the maximum deviation in all cases is less than 25%. 

Altintas and Lee [4] developed a dynamic model for the 

helical end mill. They simulated and experimentally 

measured cutting force in three Cartesian directions and 

the results are similar to each other and in agreement 

with those obtained from over 130 end milling 

experiments at different cutting conditions and cutter 

geometry as reported by Budak et al [3]. A sample 

simulation and experimentally measured cutting force, 

are in good agreement even though the axial depth of cut 

and the chip thickness distribution is very small. Smith and 

Tlusty [5-6] modified their turning analysis and developed 

the SLD of helical endmills for milling. And they had shown 

that the analysis of the SLD is more important in high-

speed milling because there is a wide and highly stable 

cutting area during high-speed milling. Their algorithm 

assumed an average angle of the tooth in the cut and 

average cutting force direction. The corresponding 

spectrum shows a dominant peak very close to the natural 

frequency of the system (383 Hz) and not at the tooth 

frequency (800 Hz). This confirms the experimental 

observation of chatter and verifies the onset of chatter 

predicted by the model. Altintas and Budak [7-8] 

developed an analytical solution to stability lobes in 

milling which accurately predicted the stability of slotting 

operation. Their method is similar to that of Tlusty 

mentioned above. However, they approximated the time-

dependent cutting forces by average value but employed 

a different approach to identifying this mean and the 

development of the time-dependent cutting force 

equations. In the Fourier series solution, for this case, 

however, the single-frequency approximation, which 

provides a complete analytical solution without any 

iteration, is in excellent agreement with the time domain 

simulation and multi-frequency solution. Turner et al. [9] 

developed the SLD of the variable helix end mill. The 

stability lobe is computed with the time domain model 

using CutproTM. Shamoto et al [10] developed the method 

for the analytical prediction of chatter stability in ball-end 

milling with tool inclination. The analytical and 

experimental results are all in good agreement. Besides, 

Wan et al [11] developed SLD for multiple delay milling 
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systems under different cutting-force models. The SLDs 

were obtained under the same redial depth of cut, but 

their shapes were greatly different because of the 

adoption of different feeds per tooth. It implies that feed 

per tooth has a great influence on stability lobes in the 

occurrence of cutter runout, which well agrees with the 

conclusion in [7]. Kao et al [12] used a combination 

method between theory and experiment in the 

determination of CFCs in ball-end mill processes. The 

differences in the amplitudes of cutting force are about 

14.5% in the feed direction, 23% in the normal direction, 

and about 30% in the axial direction. Researchers have 

developed the chatter stability prediction methods for 

creating the SLDs in milling machines, such as the average 

tooth angle approach method [5,6], the frequency 

domain method [7,8,13,14], semi-discretization method 

(SDM) [15-16], and full-discretization method (FDM) [17-

18-22-41], etc. There have also been several studies of SLD 

on the turn-mill machine. For example, Kara and Budak 

[19] studied the optimization of turn-milling processes. 

The Tool life and MRR (material removal rate) could be 

increased by 30% and 4%, and the surface roughness, 

circularity error, and resultant cutting force could be 

decreased by 130%, 17%, and 5% for this circumstance 

respectively. Sun et al [18] used the complete 

discretization method and showed that the SLD for 

orthogonal turn-milling could reflect the practical 

machining chatter phenomena. Yan et al [20] studied the 

effect of variable cutting depth and thickness on milling 

stability for orthogonal turn-milling. When the diameter 

ratio of the workpiece and the tool is smaller than 5, the 

difference in stability boundary is more than 10%. When 

the diameter ratio of the workpiece and the tool is greater 

than 5, the difference in stability boundary is less than 

10%. Zhan et al. [21] observed that the milling system is 

greatly improved by using the variable pitch tool and 

combinations with a wide range of lead angle and tilt 

angles can be selected to avoid milling chatter. Tang et al 

[22] studied five-axis milling at low spindle speed, in which 

the process damping cannot be ignored by instability 

analysis. They used the full discretization method to solve 

the SLD. Wang, Gao, and Zheng [23] concluded that 

altering the milling parameters does not change the 

milling force coefficients when the selected tool stably cut 

a workpiece made of the given material. Özşahin and 

Budak [24] showed the spectrum of sound harmonics that 

spread on either side of the chatter frequency at tooth 

passing frequency intervals. The measured cutting force 

for the chatter-free cutting conditions was at 17142 

rev/min with a 5.75mm radial depth of cut. 

To sum up, most of the past methods used for the 

development of SLD were based on both cutting tests and 

tapping tests on the same machine tool [1-45]. Kao et al 

[46] established the relationship between the cutting 

forces and the surface roughness, their methods use 

cutting tests and tapping-tests conducted on different 

CNC machines tools. The prediction accuracy of the 

surface roughness Ra was above 85% and the maximum 

error was below 0.893mm. And in the unstable zone, it 

could also have good accuracy than the stability lobe 

diagram. It seems that there are seldom papers discussing 

the influence of CFCs on inter-machine tools and also the 

related SLDs. Table 1 summarizes some of these papers. 
 

Table 1. Number of CNC machines used in the 
experiment of previous studies 

  

In the case of a small-workspace multi-axis MTM, if 

the workspace is not spacious enough to accommodate a 

dynamometer, the development of stable machining 

based on SLDs through cutting test and tapping test is 

unfeasible. Therefore, the development of SLD alike for 

stable machining on a multi-axis MTM with small space 

has been the motivation of this paper. A method is 

proposed wherein the CFCs are obtained from the cutting 

tests conducted on the other vertical milling machine 

centers (VMCs) that have a dynamometer installed for the 

development of SLD alike towards stable cutting on the 

MTM in combination with the results of the tapping test 
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conducted on the MTM. 

In this paper, a seven-axis mill-turn machine tool 

“TA20 MTM” is used as a case study. To create SLD alike 

for the TA20 MTM, some parameters such as tooth-

passing frequency response function (FRF), tool geometry, 

cutting conditions, and CFCs are required. The taping test 

is conducted to obtain the FRF of the TA20 MTM, and the 

CFC’s were obtained based on the cutting test on the 

other VMCs. The organization of this paper is as follows. 

Section 2 introduces the basic theory of stable machining, 

Section 3 describes the experiment and Section 4 is the 

result and discussion. Section 5 is the conclusion. 

Introduction of Stable Machining 

Flat end mills have been popularly used for general 

milling applications including slotting, half-up, and half-

down milling. It can have variable helix end mills that 

reduce chatter and vibration on the cutting. Coatings can 

be applied over it for higher feed rate, speed, and tool life, 

for fast cuts with the greatest rigidity. In this paper, the flat 

end mill was selected for studying stable machining. 
 

Identification of Cutting Force Coefficients in 
Helical Flat End Mill 

Traditionally, the procedure for determining the 

CFCs is shown in Figure 1. Firstly, the stable cutting 

parameters were determined by following the tool 

maker’s recommendations and/or practical experiences 

for paired tool and workpiece materials, and then cutting 

tests were conducted. This work selected the depths of 

cut and spindle speeds to avoid the chatter and reduce the 

vibrations. Next, the cutting tests at a different feed per 

tooth ft  were conducted, and then the CFCs were 

generally calculated from the experimental data [47] via 

linear regression. 

 

 
Figure 1. Flow chart for determination of Cutting Force 
Coefficients (CFCs) 

The cutting forces with start angles (∅𝑠𝑡) and exit 

angles (∅𝑒𝑥) [47] can be expressed by Equations (1) ~ (3). 
 

𝐹�̅� = {
𝑆𝐴P𝑓𝑡

8𝜋
[𝐾𝑡𝑐𝑐𝑜𝑠2∅ − 𝐾𝑟𝑐(2∅ − 𝑠𝑖𝑛2∅)] +

𝑆𝐴P

2𝜋
[−𝐾𝑡𝑒𝑠𝑖𝑛∅ + 𝐾𝑟𝑒𝑐𝑜𝑠∅]}

∅𝑠𝑡

∅𝑒𝑥

     (1) 

𝐹�̅� = {
𝑆𝐴P𝑓𝑡

8𝜋
[𝐾𝑡𝑐(2∅ − 𝑠𝑖𝑛2∅) + 𝐾𝑟𝑐𝑐𝑜𝑠2∅] −

𝑆𝐴P

2𝜋
[𝐾𝑡𝑒𝑐𝑜𝑠∅ + 𝐾𝑟𝑒𝑠𝑖𝑛∅]}

∅𝑠𝑡

∅𝑒𝑥

     (2) 

𝐹�̅� =
𝑆𝐴P

2𝜋
(−𝑓𝑡𝐾𝑎𝑐𝑐𝑜𝑠∅ + 𝐾𝑎𝑒∅)∅𝑠𝑡

∅𝑒𝑥    (3) 

 

The average cutting forces can also be expressed by 

a linear function of feed per tooth 𝑓𝑡   and an offset 

contributed by the edge forces are as follows [47]: 

 

𝐹�̅� = 𝐹𝑥𝑐
̅̅ ̅̅ 𝑓𝑡 + 𝐹𝑥𝑒

̅̅ ̅̅         (4) 

𝐹�̅� = 𝐹𝑦𝑐
̅̅ ̅̅ 𝑓𝑡 + 𝐹𝑦𝑒

̅̅ ̅̅        (5) 

𝐹�̅� = 𝐹𝑧𝑐
̅̅ ̅̅ 𝑓𝑡 + 𝐹𝑧𝑒

̅̅ ̅̅         (6) 

 

The average force at each feed per tooth can be 

measured by a dynamometer in the experiment cutting 

test, and the components  𝐹𝑞𝑐
̅̅ ̅̅ ̅ , 𝐹𝑞𝑒

̅̅ ̅̅   (q = x, y, z) from 

Equation (4) to Equation (6) is estimated by linear 

regression. Finally, the CFCs (𝐾𝑟𝑐 , 𝐾𝑡𝑐 , 𝐾𝑎𝑐 , 𝐾𝑟𝑒, 𝐾𝑡𝑒 , 𝐾𝑎𝑒 ) 

are calculated by the combined analysis of experiments 

and theory, as shown from Equation (7) to (12) in Table 2, 

using half-up milling as an example where the entry and 

exit angles are ∅𝑠𝑡 = 0  and ∅𝑒𝑥 = 𝜋/2  respectively. 

For half-down milling, the entry and exit angles are ∅𝑠𝑡 =

𝜋/2  and ∅𝑒𝑥 = 𝜋  respectively; and for slotting milling 

the entry and exit angles are ∅𝑠𝑡 = 0  and ∅𝑒𝑥 = 𝜋 

respectively.  

 

Table 2. Calculation of cutting force coefficients (CFCs) in 
Half–up milling 
 

CFCs Half–up milling Eqn 

𝐾𝑟𝑐  
− (

2𝐹𝑦𝑐
̅̅ ̅̅

𝜋
+ 𝐹𝑥𝑐

̅̅ ̅̅ ) / (
𝑁𝑡𝐴𝑃

8
+

𝑁𝑡𝐴𝑃

2𝜋2 ) (7) 

𝐾𝑡𝑐 −
4𝜋

𝑁𝑡𝐴𝑃
(𝐹𝑥𝑐

̅̅ ̅̅ +
𝑁𝑡𝐴𝑃

8
𝐾𝑟𝑐) (8) 

𝐾𝑟𝑒 −𝜋(𝐹𝑥𝑒
̅̅ ̅̅ + 𝐹𝑦𝑒

̅̅ ̅̅  )

𝑁𝑡𝐴𝑃
 (9) 

𝐾𝑡𝑒 −
2𝜋

𝑁𝑡𝐴𝑃
(𝐹𝑥𝑒

̅̅ ̅̅ +
𝑁𝑡𝐴𝑃

2𝜋
𝐾𝑟𝑒) (10) 

𝐾𝑎𝑐  2𝜋𝐹𝑧𝑐
̅̅ ̅̅

𝑁𝑡𝐴𝑃
 (11) 

𝐾𝑎𝑒 4𝐹𝑧𝑒
̅̅ ̅̅

𝑁𝑡𝐴𝑃
 (12) 
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Dynamic Cutting Force in Helical Flat End Mill 

This study predicted the dynamic cutting force in the 

milling process by using a flat end mill tool with a helix 

angle and the workpiece material is copper. The helical flat 

end mill geometry is illustrated in Figure 2. The axial depth 

is sectioned into multiple slices with thickness dz. The 

delay distance rχ = r d∅  which becomes the angular 

delay between slices. The value of χ can be calculated by 

Equation (13). 

 

     Figure 2. Helical flat end mill geometry [48] 

𝜒 =
𝑑𝑧∗𝑡𝑎𝑛()

𝑟
=

2𝑑𝑧∗𝑡𝑎𝑛()

𝑑
(𝑟𝑎𝑑)    (13) 

By substituting 𝑑∅ for 𝜒, the dz could be calculated,  

 

𝑑𝑧 =
𝑑 𝑑∅

2 𝑡𝑎𝑛 ()
       (14) 

 

The cutting forces in milling could be calculated by 

Equation (15) [48]. In Equation (15) and Equation (16) 

when the chip thickness h(t) is the static chip thickness, 

the cutting forces are the static cutting forces; and when 

the chip thickness h(t) is the dynamic chip thickness, the 

cutting forces become the dynamic cutting forces. In 

Equation (17), the vibrations in the direction of the surface 

normal for the current tooth depend on the x and y 

vibrations as well as the tool angle. 

{

𝐹𝑥

𝐹𝑦

𝐹𝑧

} = [
𝑐𝑜𝑠 (∅𝑎) 𝑠𝑖𝑛(∅𝑎) 0
𝑠𝑖𝑛(∅𝑎) −𝑐𝑜𝑠(∅𝑎) 0

0 0 −1

] {

𝐹𝑡

𝐹𝑛

𝐹𝑎

}   (15) 

where   {

𝐹𝑡 = 𝐾𝑡𝑐ℎ(𝑡)𝐴𝑃 +  𝐾𝑡𝑒𝐴𝑃

𝐹𝑛 = 𝐾𝑟𝑐ℎ(𝑡)𝐴𝑃 + 𝐾𝑟𝑒𝐴𝑃

𝐹𝑎 = 𝐾𝑎𝑐ℎ(𝑡)𝐴𝑃 + 𝐾𝑎𝑒𝐴𝑃

   (16) 

{

ℎ(𝑡) = 𝑓𝑡 𝑠𝑖𝑛(∅𝑡) + 𝑛(𝑡 − 𝜏) − 𝑛(𝑡)

𝜏 =  
60

𝑆𝑁𝑡
                                       

𝑛(𝑡) = 𝑥 𝑠𝑖𝑛(∅𝑡) − 𝑦 𝑐𝑜𝑠(∅𝑡)

 (17) 

 

Experiment 

Since the dynamometer is not feasible to be installed 

in the available workspace for the adopted seven-axis mill-

turn machine tool TA20 MTM, so the experiments were 

conducted in the following sequences in this study. Firstly, 

the tapping test experiment was conducted on the TA20 

MTM to get the FRF. Cutting tests were performed on the 

other vertical milling machines (VMCs) for the 

identification of CFCs. Then, machining was conducted on 

TA20 MTM and the surface roughness was measured for 

indirect observation of stable and unstable cutting 

towards the applicable inter-machine tool stable 

machining. 

 

Experimental Design 

Since the cutting tests cannot be conducted on the 

adopted machine tool TA20 MTM, the CFCs obtained in 

this study are based on the cutting tests conducted on the 

other VMC machines. The identification of CFCs was then 

calculated and used for the TA20 MTM. The experiments 

were conducted in the following sequence as shown in 

Figure 3. At first, experiments were conducted to choose 

different cutting parameters at one of the VMC machines, 

and then the cutting forces were measured by a tri-axial 

dynamometer; after that, the same method described in 

Section 2.1 was used to calculate the CFCs in X, Y, and Z 

direction. The same experiments were repeated for the 

other two VMCs. Secondly, a tapping test was conducted 

at the tool point in the X and Y direction at the TA20 MTM 

to get the tool point transfer function followed by the 

identification of the dynamic parameter of FRF in the X 

and Y direction. Finally, The CFCs obtained from the 

cutting test on the other VMCs and FRF on TA20 MTM 

were adopted to create the SLDs for TA20 MTM. The 

derivation of the stability lobe diagram is described in 

Appendix A for reference. 
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Figure 3. Flow chart of the experiment for SLD 

 

Tapping Test 

This research used an integrated measurement 

system that consisted of the acceleration sensor 

(ENDEVCO-25B-10668), hammer (KISTLER-9722A2000), 

and DAQ (NI 9234). And CutproTM software was used to 

analyze the FRF. The detailed settings of the measurement 

experiment are illustrated on the left-hand side of Figure 

4. The tool is struck using a hammer to exert impacts on 

the tool; then an accelerometer attached to the tool is 

used to obtain the tool vibration signals, and the data is 

collected through a data acquisition (DAQ) device. Finally, 

using the tapping test module (MALTF) in CutproTM 

software, the FRF results could be generated, as are 

displayed on the right-hand side of Figure 4, Table 3, and 

Table 4. 

 

 

Figure 4. Tapping test at TA20 MTM 
 
 

 
Table 3. The parameter of FRF processing in the Y 
direction 

 Direction XX Direction YY 

Frequency (Hz) 3025.2629 3130.5699 
Damping Ratio (%) 3.413 4.736 
Modal Stiffness (N/m) 4.1961E+06 4.4483E+06 
Mass (Kg) 0.0116 0.0115 

 
 
 

Table 4. The parameter of FRF processing in X the 
direction 

 Direction XX Direction YY 

Frequency (Hz) 3130.5699 3025.2629 
Damping Ratio (%) 4.736 3.413 
Modal Stiffness (N/m) 4.4483E+06 4.1961E+06 
Mass (Kg) 0.0115 0.0116 

 

Cutting test at the other Vertical Milling Machine 
Center (VMC) 

The dynamometer used in the cutting test is type 

XYZ FORCE SENSOR, model 624-120-5KN. The cutting 

experiment is used mainly to obtain six CFCs - Kae, Kac, 

Kre, Krc, Ktc, and Kte on the VMCs. This research 

establishes the SLD for copper material on the TA20 MTM. 

The cutting experiment is half up milling, the tool type is 

flat end mill. The cutting conditions are shown in Table 5, 

and the tool is Tungsten Carbide.  The specifications for 

the other three VMCs are shown in Table 6. Both VC608 

and NDV102A are general vertical machine center while 

DTC500 is a tapping center. 

 

Table 5. Cutting conditions for half up milling 

Cutting Test 1 2 3 4. 5 

Tool 
diameter 

[mm] 

3 3 3 3 3 

Number of 
flutes 

2 2 2 2 2 

Helix angle 
[deg] 

35 35 35 35 35 

Axial depth 
of cut [mm] 

0.5 0.5 0.5 0.5 0.5 

Feed per 
tooth 

[mm/tooth] 

0.012 0.014 0.016 0.018 0.020 

Spindle 
speed [rpm] 

5120 5120 5120 5120 5120 

 

Table 6. The specifications of the other VMC machines 

Specifications      
 
Machine 

X/Y/Z- 
axis travel 

X/Y/Z 
-axis rapid 

Max 
spindle 
speed 

VC608 [49] 
Machining Center 

850/610/530 
(mm) 

24/24/24 
(m/min) 

12000 
(rpm). 

NDV102A [50] 
Machining Center 

1020/600/600 
(mm) 

24/24/24 
(m/min) 

12000 
(rpm). 

DTC500 [51] 
Tapping Center 

610/350/380 
(mm) 

24/24/24  
(m/min) 

10000 
(rpm) 
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The Workspace Issue 

This research adopted a TA20 MTM manufactured 

by Arix Machinery Co. Ltd. for the case study. The 

specifications of this machine are: X/Y/Z-axis travel (mm): 

100/200/200 mm; X/Y/Z-axis fast speed: 10/10/10 m/min; 

maximum spindle speed: 30000 rpm. The limited 

workspace of the TA20 MTM is 400/300/100 (mm) and is 

shown by the blue block in Figure 5. 

 

 
Figure 5. The workspace of the adopted TA20 MTM 

 

The dynamometer models used in this research are 

Kistler 9265B and 9443B; the size of it is 220 mm * 100 

mm * 186 mm, as shown in Figure 6. It can be seen from 

Figure 5 and Figure 6 that the Kistler dynamometer 

(9265B and 9443B) is too large to be installed in the 

workspace of TA20 MTM. This will lead to the problem 

that the cutting force signal cannot be obtained by cutting 

test directly on TA20 MTM. 

 

 
Figure 6. Kistler dynamometer models: 9265B and 9443B 
 

Cutting Experiment for Applicability of Inter-
machine Tool SLDs 

More cutting experiments were planned to study the 

applicability of SLD for a machine tool with its FRF and 

CFCs from the other machine tools. The cutting 

experimental parameters for the TA20 MTM include eight 

spindle speeds and eight cutting depths; and therefore, 

sixty-four cutting conditions, as listed in Table 7. The 

machined surface roughness [52] was measured to study 

the inter-machine tool applicability. 
 
 

Table 7. The cutting conditions of the designed 
experiments 
 

Spindle speed S (rpm) Depth of cut 𝐴P (mm) 

5000 0.1 

7000 0.3 

9000 0.5 

11000 0.7 

13000 0.9 

15000 1.1 

17000 1.3 

19000 1.5 

 

In these experiments, the cutting width ( 𝐴𝑒 ) was 

designed to be equal to the cutting depth ( 𝐴P ). The 

workpiece was a copper rod, with a diameter of 20 mm 

and a length 100 mm. Before conducting the cutting, the 

copper rod was milled into an inclined plane to ease the 

setting of 𝐴P = 𝐴e  and subsequent surface roughness 

measurement. These machining experiments were 

carried out by milling in the Y direction, and eight layers 

were cut. The eight layers of cut corresponding to 

different depths of cuts are shown in Figure 7. 

 

 

 

Figure 7. Cutting experiments with 𝐴P = 𝐴e 

Result and Discussion 

Three VMCs as listed in Table 6 were adopted for the 

cutting test to obtain three sets of the CFCs to study the 

applicability of stable machining in this research on TA20 

MTM with limited workspace. To save space in this paper, 

only the CFCs obtained from the cutting test in VC608 are 

adopted for the explanation. Sections 4.1 and Section 4.2 

discuss the correctness and verification of the results. 

Section 4.3 describes the inter-machine tool applicability 

of stable machining based on SLD for TA20 MTM by 

surface roughness Ra measured from a series of cutting 

experiments, as is described in Section 3.5. The SLD were 

generated by the FRF (measured in TA20 MTM) and three 

sets of CFCs from the adopted other VMCs respectively. 
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The results of CFCs and Cutting Force 

The calculation of CFCs is based on the measured cutting 

forces obtained from the dynamometer during the cutting 

tests and then analyzed by linear regression. The cutting 

parameters shown in Table 5 were used in this study. After 

analyzing the cutting forces resulting from cutting tests on 

the VMCs listed in Table 6, the best line that passes 

through the values of average cutting forces was selected; 

and then linear regression was used for determining the 

components of the linear forces 

( F̅xc, F̅xe, F̅yc, F̅ye, F̅zc, and F̅ze) . The formula for 

calculating CFCs has been described from Equation (7) to 

(12) in Section 2.1. The calculated results of CFCs based on 

the cutting tests on the VC608 with the helical flat-end mill 

are compared with the calculated CFC resulting from that 

using the CutproTM software; and the comparison is found 

to be in good agreement with the result Ref [3, 12], as 

shown in Table 8. The absolute values of CFCs of “VC608” 

and the “CutproTM” only had a small difference. For each 

CFC, the absolute value in “VC608” is larger than that in 

the “CutproTM”. The maximum difference is about 0.12%, 

and the minimum difference is about 0%. That is to say, 

the accuracy rate of the CFC results in this paper 

compared with CFC in CutproTM software could be reached 

at about 99.88% for the case of half up milling on VC608. 

 
Table 8. Comparing CFCs vs. that from CutproTM on 
VC608 

CFCs 
[N/mm2] 

CFCs 
(VC608) 

CFCs 
(CutproTM) 

Difference 
(%) 

Ktc 1030.13 1030.01 0.12 

Krc 618.02 617.96 0.06 

Kac 235.04 235.01 0.03 

Kte 7.05 7.05 0 

Kre 5.38 5.38 0 

Kae 0.10 0.1 0 

 

In the result of [12], the differences are about 14.5% 

in the feed direction, 23% in the normal direction, and 

about 30% in the axial direction. The comparison of 

cutting forces on VC608 between this research and that 

measured from the dynamometer (Real), and the result 

Ref [3,12] is shown in Figure 8 to check the correctness of 

estimated (calculated) cutting forces in the directions of 

“Feed”, “Normal”, and “Axial”, respectively. The cutting 

forces for three revolutions are shown in Figure 8. The 

“blue” line is the cutting force in feed direction Fx, the 

“green” line is the cutting force in normal direction Fy, and 

the “red” line is the cutting force in axial direction Fz 

calculated in this research, respectively. While the Fx, Fy, 

and Fz obtained from the dynamometer (Real) is shown in 

“orange”, “purple”, and “yellow” lines, respectively. The 

comparison in Figure 8 shows reasonably good agreement 

between the calculated values and the measured values 

from the dynamometer. 
 

 
 
Figure 8. Comparing cutting forces between estimated 
(this research) and the real on VC608 
 

Stable and Unstable Cutting through Observing 
Cutting Force 

In this study, the CFCs were obtained from a series of 

half-up milling cutting tests according to the cutting 

conditions shown in Table 5. The SLD, as shown in Figure 

9, for TA20 MTM was generated by using CutproTM with 

the synergy of the FRF of the TA20 MTM obtained from 

the tapping test and the CFCs of VC608. The estimated 

cutting forces of Fx for twenty individual revolutions are 

also shown in Figure 9 for the same depth of cut 𝐴P = 0.9 

mm and at three different spindle speeds S = 9500, 13000, 

and 18000 rpm. It can be seen that when 𝐴P = 0.9 mm, 

the helical end milling process is unstable (according to 

SLD) at S = 9500 rpm; it is observed that the feed direction 

force (Fx) changes rapidly from -50N to 300N. At the same 

depth of cut 𝐴P=0.9 mm, the cutting is stable (according 

to SLD) when S=13000 rpm and S=18000; it is observed 

that the cutting force in the feed direction (Fx) does not 

change rapidly, as the result Ref[4]. This might mean 

unstable cutting could occur if the cutting force changes 

very rapidly. 

 

 

Figure 9. Observing stable and unstable cutting on TA20 

MTM via changes of cutting forces, Ref [4] 
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Applicability of Stable and Unstable Cutting on 
TA20MTM through SLDs and Ra 

The CFCs are important input parameters for 

developing SLDs. The CFCs according to the cutting tests 

on the VMCs listed in Table 6 are shown in Table 9. The 

CFCs on VC608, NDV102A, and DTC500 are quite different 

from each other. This means that CFCs are affected by the 

characteristics of the adopted VMC. Furthermore, the 

SLDs generated by using the three sets of CFCs in Table 9 

and the FRF of TA20 MTM in Table 3 are shown in Figure 

10a. Although their wavy shapes of them are similar to 

each other, the SLDs are different from each other. For 

example, the critical depth of cut (blim) of these SLDs in 

Figure 10a is about 0.65mm (for VC 608), 0.58mm (for 

NDV102A), and 0.37mm (for DTC500) respectively; The 

tapping center DTC500 has the lowest critical depth of cut. 

This might result from the general weaker comprehensive 

structural rigidity of a tapping center. In addition, the SLDs 

generated by using the three sets of CFCs in Table 9 and 

the FRF of TA20 MTM in Table 2 and Table 3 are shown in 

Figure 10b. This shows that different FRF result in different 

SLDs and the critical depth of cut is also different. It might 

mean that the optimum critical depth of cut in machining 

could be different in the different axial directions. 

 

Table 9. The results of CFCs at adopted 3 VMCs for 

developing SLDs, as the results CFCs from CutproTM 

        VMCs 

  CFCs 

VC608 NDV102A DTC500 

Ktc 1030.01 1198.14 1825.02 
Krc 617.96 372.29 940.68 
Kac 235.01 519.87 501.77 
Kte 7.05 0.03 -5.53 
Kre 5.38 11.85 8.86 
Kae 0.10 -2.75 -6.73 

 
 
 

 
Figure 10a. Three SLDs of TA20 MTM – Processing in the 
Y direction 

 

 
Figure 10b. Six SLDs of TA20 MTM – in Y and X direction 
 

From the Modal analytical stability lobes in CutproTM, 

the critical depth of cut corresponding to the eight 

selected spindle speeds (5000, 7000, 9000, 11000, 13000, 

15000, 17000, 19000 rpm) were noted; and eight graphs, 

as shown in Figure 11, are plotted to show the variations 

of critical depth of cut 𝐴P (0.1, 0.3, 0.5, 0.7, 0.9, 1.1, 1.3, 

1.5 mm) versus radial width of cut 𝐴e  at a particular 

spindle speed respectively. These data were generated by 

using CutproTM. The depth of cut was intentionally 

assigned to be equal to the width of cut, i.e. 𝐴P=𝐴e. For 

explanation purposes, Figure 12 shows the SLD generated 

from CutproTM based on the CFC of VC608 and FRF of TA20 

MTM. It also shows that the critical depth of cut 𝐴P  is 

0.9193 mm when the width of cut 𝐴e  is 1.1 mm and 

spindle speed is 4945 (about 5000) rpm. In Figure 11, the 

processed experiment used eight different speeds for 

machining from S=5000 to S=19000 rpm and the cutting 

width (𝐴e) was selected to be equal to the cutting depth 

(𝐴P). It shows the variation of critical depth of cut for the 

adopted three different VMCs corresponding to different 

spindle speeds (S). The orange line represents the 

variation of critical depth of cut for the NDV102A, the grey 

line represents the variation of critical depth of cut for the 

VC608, and the blue line represents the variation of 

critical depth of cut for the DTC500, and the yellow line 

represents the cutting experiment. It is found that these 

three curves (the orange, grey, and blue curves) seem to 

overlap each other starting from the middle to the lower 

right. Furthermore, the area after the intersection of plots 

of these three curves and that from the cutting 

experiment (yellow line) forms the unstable cutting region, 

and the region to the left of the overlapped point 

represents the stable cutting. 

Figure 13 is the 3D form merging the sub-figures in 

Figure 11. The red surface represents the variation of 

critical depth of cut for the NDV102A machine, the green 

surface represents the variation of critical depth of cut for 

the VC608 machine, the blue surface represents the 

variation of critical depth of cut for the DTC500 machine, 

and the yellow surface represents the variation from the 

cutting experiment. 
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Figure 11. Verification of stable and unstable cutting on 

TA20 MTM 

 
 

 
Figure 12. Example of the critical depth of cut 𝐴P 
corresponding to S and 𝐴e 
 

 

 

Figure 13. A 3D form showing the critical depth of cut 

using different CFCs and the same FRF 

 

With the consideration of repeatability, each of the 

above sixty-four conditions was cut three times, and it 

means altogether 192 experiments were conducted. 

Surface roughness was used to further study the SLD 

applicability of TA20 MTM since three different SLDs could 

be created, as shown in Figure 10. Surface roughness is an 

important index for industrial production application and 
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international standards had been published, for example, 

the ISO 4287:1997[53]. Therefore, measurement of 

roughness was planned to correlate with the cutting 

quality. The Ra of the workpiece was measured by using 

the surface roughness instrument Mitutoyo, model SJ-410 

[54], and the result is shown in Table 10. 

Interestingly, in tradition, the expected ranges of Ra 

for the average application of milling machining are from 

0.8 to 6.3 µm [55], as shown in Figure 14; therefore, 

roughness Ra = 0.8 µm was adopted in this study trying to 

explore characteristics to differentiate stable and unstable 

milling quality. That is to say, this paper assumes the range 

belongs to a stable zone if the Ra < 0.8 μm, and the range 

belongs to an unstable zone if Ra >= 0.8 μm. Therefore, 

according to Table 10, the experimental results are 

summarized in Table 11 where “O” denotes stable cutting 

“Ra < 0.8 μm”, and “X” denotes unstable cutting “Ra >= 

0.8 μm”. The relationship is depicted in Figure 15 to ease 

the understanding related to the depth of cut and spindle 

speed. It is obvious that the trend line “y=2E-05x + 0.4393” 

is almost inside the stable zone. This means that stable 

machining could be achieved when Ra = 0.8 if the average 

application of milling is used although it seems to be a bit 

conservative because the critical depth of cut is 0.5 mm. 

Certain adjustable spaces exist between the lower green 

trend line “y=2E-05x + 0.4393” and the upper red trend 

line “y=2E-05x + 0.6393”. It is also very interesting that the 

critical depth of cut 0.5 mm is also located in the stable 

zone of Figure 11. 

 

 
 
Figure 14. The average application roughness (Ra) ranges 
of milling [55] 
 
 
 
 
 
 
 
 
 
 
 

Table 10. Workpiece surface roughness Ra (µm) 

 
 
 
 
Table 11. The stable and unstable zone at different 
speeds S and depths of cut 𝐴P 

   𝑨𝐏(𝒎𝒎) 
S (rpm) 0.1 0.3 0.5 0.7 0.9 1.1 1..3 1.5 

5000 O O O X X X X X 

7000 O O O X X X X X 

9000 O O O X X X X X 

11000 O O O X X X X X 

13000 O O O O O O X X 

15000 O O O O X X X X 

17000 O O O X X X X X 

19000 O O O O X X X X 
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 Figure 15. The stable and unstable TA20 MTM based 
 on Ra of average application Ref [55] 

Conclusion 

It is generally not feasible to install a table-type or 

rotary dynamometer on a small-workspace MTM such as 

the adopted small seven-axis mill-turn machine TA20 

MTM, the cutting forces could not be measured on such a 

machine using a dynamometer during the cutting test 

resulting in the unavailability of obtaining CFCs. However, 

the generation of SLD needs to have CFCs and FRF; SLD is 

a comprehensive index very useful for the determination 

of the most appropriate and effective cutting parameters. 

This study proposes a new possibility of using CFC’s 

obtained from the cutting tests conducted on the other 

VMCs that can have a dynamometer installed for CFCs. A 

case study had been successfully implemented to 

generate the SLD of TA20 MTM by adopting the cutting 

force coefficients obtained from the cutting test on the 

other VMCs (VC608, NDV102A, and DTC500), and FRF 

developed via tapping test on TA20 MTM. However, the 

CFCs from the adopted VMCs are different from each 

other, therefore, surface roughness was adopted to 

further study the applicability of SLD. 

Since the CFCs for the TA20 MTM cannot be directly 

obtained from the cutting test and therefore SLD for TA20 

MTM cannot be generated using conventional methods. 

However, through the comparative analysis of the SLDs  

the Ra measured from cutting experiments, the area on 

the intersection of SLD plots of the other three VMCs was 

analyzed for the same cutting depths as that of the Ra 

experiment; unstable and stable cutting regions were 

successfully identified for TA20 MTM. These have resulted 

in a new type of SLD for the TA20 MTM, as shown in Figure 

16 resulting from Figure 11, Table 11, and Figure 15. This 

means that the major contribution of this paper is that 

stable and unstable cutting of a machine tool that could 

not have a dynamometer installed for the calculation of 

CFCs based on the cutting test still can have an alternative 

way if and only if the FRF could be obtained by tapping 

test on the machine itself. Furthermore, the FRFs based on 

the tapping test are different from each other in various 

axial directions. That is to say, optimum cutting 

parameters such as the critical depth of cut according to 

the SLDs, as shown in Figure 10b, are affected by the FRFs 

since FRFs are different in each axial direction. 

Further study will be on extending the proposed 

methods for the exchangeability of CFCs, FRFs, and so as 

the SLDs for the machine tool with the same model 

manufactured by the same machine tool builders. 

 

 

Figure 16. Stable and unstable cutting of TA20 MTM 

Appendix 

Appendixes A (Symbols, The solution of Chatter 

Stability in Milling).  
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Appendix A 
Symbols  
d  Diameter of the tool [mm] 
r   Radius of the tool [mm] 
𝑁𝑡  Number of flutes on the tool 
  Helix angle on the tool [deg] 
𝑓𝑡   Feed per tooth [mm/tooth] 
𝐴𝑃   Full axial depth of cut [mm] 
𝑑𝑧 Differential axial depth of cut [mm] 
𝐴𝑒 The cutting width [mm] 
𝐾𝑡𝑐 Tangential shearing force coefficient [N/mm²] 
𝐾𝑟𝑐 Radial shearing force coefficient [N/mm²] 
𝐾𝑎𝑐 Axial shearing force coefficient [N/mm²] 
𝐾𝑡𝑒 Tangential edge force coefficient [N/mm] 
𝐾𝑟𝑒 Radial edge force coefficient [N/mm] 
𝐾𝑎𝑒 Axial edge force coefficient [N/mm] 
𝑏𝑙𝑖𝑚 The chatter-free axial depth of cut – critical depth of cut 
𝑆   Spindle Speed (rpm) 
𝑓𝑐   Chatter frequency. 
𝜀   Phase between current and previous tool vibrations. 
𝐾𝑠  Force produced in cutting is proportional to all areas of the chip through this coefficient 
𝐾𝑛 The average directional factors depend on the radial cutting constant 
𝐹𝑡   Tangential cutting force [N] 
𝐹𝑛  Normal cutting force [N] 
𝐹𝑎  Axial cutting force [N] 
�̅�𝑥  Average cutting force in the feed direction [N] 
�̅�𝑥𝑐 The slope of the linear model force in the feed direction [N] 
�̅�𝑥𝑒 The intercept of the linear model force in the feed direction [N] 
�̅�𝑦  Average cutting force in the normal direction [N] 

�̅�𝑦𝑐 The slope of the linear model force in the normal direction [N] 

�̅�𝑦𝑒  The intercept of the linear model force in the normal direction [N] 

�̅�𝑧  Average cutting force in the axial direction [N] 

�̅�𝑧𝑐  The slope of the linear model force in the axial direction [N] 
�̅�𝑧𝑒  The intercept of the linear model force in the axial direction [N] 
𝜃    Angle between feed and x-direction [deg] 
𝐹𝑥  Cutting force in x-direction [N] 
𝐹𝑦  Cutting force in y-direction [N] 

𝐹𝑧  Cutting force in z-direction [N]  
∅  The tool rotation angle in the helical flat end mill 
∅𝑡   The tool rotation angle at time t 
∅𝑠𝑡  Start angles 
∅𝑒𝑥 Exit angles 
∅𝑎 Tooth angle or tool movement angle 
𝜏   The tooth passing periods in seconds. 
h(t) The dynamic chip thickness at time t 
𝜒  The angular delay (rad) 
𝛼𝑥𝑥 , 𝛼𝑦𝑦 The direct transfer functions in the x and y direction 

𝛼𝑥𝑦, 𝛼𝑦𝑥  The cross-transfer functions 
[𝐴𝑟′]  The Fourier coefficients 
𝑛(𝑡)  Vibration of the current normal direction 
𝑛(𝑡 − 𝜏) Vibration of the previous tooth at the current normal direction 
𝜔𝑐  The chatter frequencies (rad/s) 
𝐹𝑅𝐹𝑥𝑥  The frequency respond function in x direction 
𝐹𝑅𝐹𝑦𝑦  The frequency respond function in y direction 

𝐹𝑅𝐹𝑜𝑟   The oriented frequency respond function 

https://doi.org/10.5875/ausmt.v12i1.2406
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A1. The solution of Chatter Stability in Milling 
Altintas and Budak proposed zero-order analytical prediction of SLD [7], where the number of harmonics r’ = 0 for 

its Fourier coefficients [𝐴𝑟′]. The average component of the Fourier series expansion is  

[𝐴0] =
1

2𝜋
∫ [𝐴(∅)]𝑑∅

2𝜋

0
=

1

2𝜋
∫ [𝐴(∅)]𝑑∅

∅𝑒𝑥

∅𝑠𝑡
=

𝑁𝑡

2𝜋
[
𝛼𝑥𝑥 𝛼𝑥𝑦

𝛼𝑦𝑥 𝛼𝑦𝑦
]    (1) 

where [𝐴] matrix entries [7] are the “time-varying directional dynamic force coefficients”. 

𝛼𝑥𝑥 =
1

2
[𝑐𝑜𝑠(2∅) − 2𝐾𝑛∅ + 𝐾𝑛𝑠𝑖 𝑛(2∅)]|

∅𝑠𝑡

∅𝑒𝑥

       (2) 

𝛼𝑥𝑦 =
1

2
[−𝑠𝑖𝑛(2∅) − 2∅ + 𝐾𝑛𝑐𝑜 𝑠(2∅)]|

∅𝑠𝑡

∅𝑒𝑥

        (3) 

𝛼𝑦𝑥 =
1

2
[−𝑠𝑖𝑛(2∅) + 2∅ + 𝐾𝑛𝑐𝑜 𝑠(2∅)]|

∅𝑠𝑡

∅𝑒𝑥

       (4) 

𝛼𝑦𝑦 =
1

2
[− 𝑐𝑜𝑠(2∅) − 2𝐾𝑛∅ − 𝐾𝑛𝑠𝑖 𝑛(2∅)]|

∅𝑠𝑡

∅𝑒𝑥

      (5) 

The average directional factors depend on the radial cutting constant 𝐾𝑛 and the width of cut bound by entry (∅𝑠𝑡) 
and exit (∅𝑒𝑥) angles. The dynamic milling equation according to [7] is: 

(
𝐹𝑥

𝐹𝑦
) 𝑒𝑖𝜔𝑐𝜏 =  

1

2
𝐴𝑃𝐾𝑡𝑐[𝐴0](1 − 𝑒𝑖𝜔𝑐𝜏) [

𝐹𝑅𝐹𝑥𝑥 0
0 𝐹𝑅𝐹𝑦𝑦

] (
𝐹𝑥

𝐹𝑦
) 𝑒𝑖𝜔𝑐𝜏   (6) 

Rearranging Equation (23) gives 

(
𝐹𝑥

𝐹𝑦
) 𝑒𝑖𝜔𝑐𝜏 ([𝐼] −

1

2
𝐴𝑃𝐾𝑡𝑐[𝐴0](1 − 𝑒𝑖𝜔𝑐𝜏) [

𝐹𝑅𝐹𝑥𝑥 0
0 𝐹𝑅𝐹𝑦𝑦

])  = 0   (7) 

Which has a non-trivial solution only if 

𝑑𝑒𝑡 ([𝐼] −
1

2
𝐴𝑃𝐾𝑡𝑐[𝐴0](1 − 𝑒𝑖𝜔𝑐𝜏) [

𝐹𝑅𝐹𝑥𝑥 0
0 𝐹𝑅𝐹𝑦𝑦

])  = 0    (8) 

Where [𝐼] = [
1 0
0 1

] is the 2x2 identity matrix. [
𝐹𝑅𝐹𝑥𝑥 0

0 𝐹𝑅𝐹𝑦𝑦
] =  [𝐹𝑅𝐹]. The product [𝐴0] [𝐹𝑅𝐹] from Equation 

(25) is analogous to the oriented FRF. Expanding it gives Equation (26) 

[𝐴0][𝐹𝑅𝐹] = 
𝑁𝑡

2𝜋
[
𝛼𝑥𝑥 𝛼𝑥𝑦

𝛼𝑦𝑥 𝛼𝑦𝑦
] [

𝐹𝑅𝐹𝑥𝑥 0
0 𝐹𝑅𝐹𝑦𝑦

]        

=
𝑁𝑡

2𝜋
[
𝛼𝑥𝑥𝐹𝑅𝐹𝑥𝑥 𝛼𝑥𝑦𝐹𝑅𝐹𝑦𝑦

𝛼𝑦𝑥𝐹𝑅𝐹𝑥𝑥 𝛼𝑦𝑦𝐹𝑅𝐹𝑦𝑦
] =  

𝑁𝑡

2𝜋
[𝐹𝑅𝐹𝑜𝑟]     (9) 

 
The characteristic Equation can be rewritten as shown in Equation (27) 

𝑑𝑒𝑡 ([𝐼] + ∀[𝐹𝑅𝐹𝑜𝑟]) = 0          (10) 
where ∀ is a new variable, 

∀ = −
𝑁𝑡

4𝜋
𝐴𝑃𝐾𝑡𝑐(1 − 𝑒−𝑖𝜔𝑐𝜏)          (11) 

The characteristic Equation becomes just a quadratic function as shown in Equation (29) 
𝑎0∀2 + 𝑎1∀ + 1 = 0           (12) 

Where 𝑎0 =  𝐹𝑅𝐹𝑥𝑥𝐹𝑅𝐹𝑦𝑦(𝛼𝑥𝑥𝛼𝑦𝑦 − 𝛼𝑥𝑦𝛼𝑦𝑥) and 𝑎1 =  𝛼𝑥𝑥𝐹𝑅𝐹𝑥𝑥+𝛼𝑦𝑦𝐹𝑅𝐹𝑦𝑦 

 
The two roots are the system eigenvalues, ∀1 and ∀2 shown in Equation (30) 

∀1,2= −
1

2𝑎0
(𝑎1 ∓ √𝑎1

2 − 4𝑎0)         (13) 

Equation (28) can be rewritten by recognizing the complex nature of the eigenvalues, ∀ =  ∀𝑅𝑒 + 𝑖∀𝐼𝑚  and 

substituting the Euler identity 𝑒−𝑖𝜔𝑐𝜏 = 𝑐𝑜𝑠(𝜔𝑐𝜏) − 𝑖 𝑠𝑖𝑛(𝜔𝑐𝜏)  

∀𝑅𝑒 + 𝑖∀𝐼𝑚= −
𝑁𝑡

4𝜋
𝐴𝑃𝐾𝑡𝑐{1 − [𝑐𝑜𝑠(𝜔𝑐𝜏) − 𝑖 𝑠𝑖𝑛(𝜔𝑐𝜏)]}     (14) 

Equation (31) is solved for 𝐴𝑃 to obtain the chatter-free axial depth of cut (critical depth of cut), 𝑏𝑙𝑖𝑚: 

𝑏𝑙𝑖𝑚 = −(∀𝑅𝑒 + 𝑖∀𝐼𝑚)
４𝜋

𝑁𝑡𝐾𝑡𝑐
 

１

{1−[𝑐𝑜𝑠(𝜔𝑐𝜏)−𝑖 𝑠𝑖𝑛(𝜔𝑐𝜏)]} 
      (15) 

𝑏𝑙𝑖𝑚 = −
2𝜋

𝑁𝑡𝐾𝑡𝑐
(

(∀𝑅𝑒(1−𝑐𝑜𝑠(𝜔𝑐𝜏))+∀𝐼𝑚𝑠𝑖𝑛(𝜔𝑐𝜏))

(1−𝑐𝑜𝑠(𝜔𝑐𝜏))
+ 𝑖

(∀𝐼𝑚(1−𝑐𝑜𝑠(𝜔𝑐𝜏))−∀𝑅𝑒𝑠𝑖𝑛(𝜔𝑐𝜏))

(1−𝑐𝑜𝑠(𝜔𝑐𝜏))
)  (16) 

Because 𝑏𝑙𝑖𝑚 must be a real-value, the imaginary part of Equation (33) is equal to zero. 
∀𝐼𝑚(1 − 𝑐𝑜𝑠(𝜔𝑐𝜏)) − ∀𝑅𝑒𝑠𝑖𝑛(𝜔𝑐𝜏) = 0        (17) 

Set the new variable 

∃=
∀𝐼𝑚

∀𝑅𝑒
=

𝑠𝑖𝑛(𝜔𝑐𝜏)

1−𝑐𝑜𝑠(𝜔𝑐𝜏)
           (18) 

Equation (33) is now rewritten to obtain the final expression for the critical axial depth of cut 

𝑏𝑙𝑖𝑚 = −
2𝜋

𝑁𝑡𝐾𝑡𝑐
∀𝑅𝑒(1 + ∃2)          (19) 
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The eigenvalue problem as stated in Equation (27), det ([𝐼] + ∀[𝐹𝑅𝐹𝑜𝑟]) = 0, can be rewritten in the traditional 
format required by the formula 𝑑𝑒𝑡([𝐹𝑅𝐹𝑜𝑟] − 𝜆[𝐼]) = 0 , where the new eigenvalue expression is 𝜆 =
4𝜋

𝑁𝑡
 

1

𝐴𝑃𝐾𝑡𝑐(1−𝑒−𝑖𝜔𝑐𝜏)  

𝜆 = 𝜆𝑅𝑒 + 𝑖𝜆𝐼𝑚= 
4𝜋

𝑁𝑡
 

1

𝐴𝑃𝐾𝑡𝑐(1−𝑒−𝑖𝜔𝑐𝜏)                 (20) 

Equation (37) is solved for 𝐴𝑃  to obtain the chatter-free axial depth of cut (critical depth of cut), 𝑏𝑙𝑖�̃� :, as is 
expressed in Eq. (38): 

𝑏𝑙𝑖�̃� =
4π

NtKtc(𝜆𝑅𝑒+𝑖𝜆𝐼𝑚)(1−[𝑐𝑜𝑠(𝜔𝑐𝜏)+𝑖 𝑠𝑖𝑛(𝜔𝑐𝜏)])
  

𝑏𝑙𝑖�̃� =
2π(𝜆𝑅𝑒−𝑖𝜆𝐼𝑚)(1−[𝑐𝑜𝑠(𝜔𝑐𝜏)−𝑖 𝑠𝑖𝑛(𝜔𝑐𝜏)])

NtKtc(λRe
2 +λIm

2 )(1−𝑐𝑜𝑠(𝜔𝑐𝜏))
                       (21) 

𝑏𝑙𝑖�̃� =
2π

NtKtc(λRe
2 + λIm

2 )
[
𝜆𝑅𝑒(1 − 𝑐𝑜𝑠(𝜔𝑐𝜏)) − 𝜆𝐼𝑚𝑠𝑖𝑛(𝜔𝑐𝜏)

(1 − 𝑐𝑜𝑠(𝜔𝑐𝜏))
   + 𝑖

−𝜆𝐼𝑚(1 − 𝑐𝑜𝑠(𝜔𝑐𝜏)) − 𝜆𝑅𝑒𝑠𝑖𝑛(𝜔𝑐𝜏)

(1 − 𝑐𝑜𝑠(𝜔𝑐𝜏))
] 

Because 𝑏𝑙𝑖�̃� must be a real-value, the imaginary part of Equation (38) is equal to zero. 
−𝜆𝐼𝑚(1 − 𝑐𝑜𝑠(𝜔𝑐𝜏)) − 𝜆𝑅𝑒𝑠𝑖𝑛(𝜔𝑐𝜏) = 0         (22) 

Set the new variable 

𝐾 =
𝜆𝐼𝑚

𝜆𝑅𝑒
= −

𝑠𝑖𝑛(𝜔𝑐𝜏)

1−𝑐𝑜𝑠(𝜔𝑐𝜏)
            (23) 

 
The corresponding revised stability limit becomes: 

𝑏𝑙𝑖�̃�  =
2π

NtKtc(λRe
2 +λIm

2 )
λRe(1 + K2)        (24) 

Where 𝐾 =
𝜆𝐼𝑚

𝜆𝑅𝑒
 and the spindle speed equations are also modified to be 

𝜏 =
1

𝜔𝑐
 (𝜀 + 𝑗 × 2𝜋) (𝑠)       (25) 

𝜀 = 𝜋 − 2ѱ (𝑟𝑎𝑑), ѱ = 𝑡𝑎𝑛−1(𝐾)(𝑟𝑎𝑑),    

and 𝑆 =
60

𝑁𝑡𝜏
(𝑟𝑝𝑚)         (26) 

 

Where j is the integer number of full vibration waves. The stability lobe diagram is obtained by plotting 𝑏𝑙𝑖�̃� versus 𝑆 
for each chatter frequency (the minimum at each spindle speed is selected to define the stability boundary). 

 

A2. Identification of cutting force coefficients in helical flat end mill in all case is shown in Table A-1 
 
Table A-1 Calculation of cutting force coefficients (CFCs) in all case 

CFCs Half – up milling Half – down milling Slotting Eqn 

𝐾𝑟𝑐  
− (

2𝐹𝑦𝑐
̅̅ ̅̅

𝜋
+ 𝐹𝑥𝑐

̅̅ ̅̅ ) / (
𝑁𝑡𝐴𝑃

8
+

𝑁𝑡𝐴𝑃

2𝜋2 ) 
4𝜋

𝑁𝑡𝐴𝑃
(𝐹𝑦𝑐

̅̅ ̅̅ −
𝑁𝑡𝐴𝑃

8
𝐾𝑡𝑐) 

−4𝐹𝑥𝑐
̅̅ ̅̅

𝑁𝑡𝐴𝑃
 (27) 

𝐾𝑡𝑐 −
4𝜋

𝑁𝑡𝐴𝑃
(𝐹𝑥𝑐

̅̅ ̅̅ +
𝑁𝑡𝐴𝑃

8
𝐾𝑟𝑐) (

2𝐹𝑥𝑐
̅̅ ̅̅

𝜋
+ 𝐹𝑦𝑐

̅̅ ̅̅ ) / (
𝑁𝑡𝐴𝑃

8
+

𝑁𝑡𝐴𝑃

2𝜋2 ) 
4𝐹𝑦𝑐

̅̅ ̅̅

𝑁𝑡𝐴𝑃
 (28) 

𝐾𝑟𝑒 −𝜋(𝐹𝑥𝑒
̅̅ ̅̅ + 𝐹𝑦𝑒

̅̅ ̅̅  )

𝑁𝑡𝐴𝑃
 

2𝜋

𝑁𝑡𝐴𝑃
(𝐹𝑦𝑒

̅̅ ̅̅ −
𝑁𝑡𝐴𝑃

2𝜋
𝐾𝑡𝑒) 

−𝜋𝐹𝑥𝑒
̅̅ ̅̅

𝑁𝑡𝐴𝑃
 (29) 

𝐾𝑡𝑒 −
2𝜋

𝑁𝑡𝐴𝑃
(𝐹𝑥𝑒

̅̅ ̅̅ +
𝑁𝑡𝐴𝑃

2𝜋
𝐾𝑟𝑒) 

π(𝐹𝑥𝑒
̅̅ ̅̅ + 𝐹𝑦𝑒

̅̅ ̅̅  )

𝑁𝑡𝐴𝑃

 
𝜋𝐹𝑦𝑒

̅̅ ̅̅

𝑁𝑡𝐴𝑃
 (30) 

𝐾𝑎𝑐  2𝜋𝐹𝑧𝑐
̅̅ ̅̅

𝑁𝑡𝐴𝑃
 

2𝜋𝐹𝑧𝑐
̅̅ ̅̅

𝑁𝑡𝐴𝑃
 

𝜋𝐹𝑧𝑐
̅̅ ̅̅

𝑁𝑡𝐴𝑃
 (31) 

𝐾𝑎𝑒 4𝐹𝑧𝑒
̅̅ ̅̅

𝑁𝑡𝐴𝑃
 

4𝐹𝑧𝑒
̅̅ ̅̅

𝑁𝑡𝐴𝑃
 

2𝐹𝑧𝑒
̅̅ ̅̅

𝑁𝑡𝐴𝑃
 (32) 
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