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1. Introduction    
 

In [18], Kaufmann et al. pointed out that 
reliability modeling is the most important one 
of the disciplines of reliable engineering. The 
conventional reliability of a system behavior 
is fully characterized in the context of proba-
bility measures. However, because of the in-
accuracy and uncertainties of data, the estima-
tion of precise values of probability becomes 
very difficult in many systems [11]. In recent 
years, some researchers focused on using 
fuzzy set theory [23] for fuzzy system reliabil-
ity analysis [2-5], [7], [8], [11], [12], [15], 
[19], [20]. In [3], Cai et al. presented the fol-
lowing two assumptions: 

(1) Fuzzy-state assumption: At any time, the 
system may be either in the fuzzy success 
state or the fuzzy failure state. 

(2) Possibility assumption: The system behav-
ior can be fully characterized by possibil-
ity measures.  

In [5], Cai presented an introduction to system 
failure engineering and its use of fuzzy meth-
odology. In [7], we presented a method for 
fuzzy system reliability analysis using fuzzy 
number arithmetic operations. In [11], we pre-
sented a method for fuzzy system reliability 
analysis based on fuzzy time series and theα–
cuts operations of fuzzy numbers. In [13], 
Cheng et al. presented a method for fuzzy sys-
tem reliability analysis by interval of confi-
dence. In [19], Mon et al. presented a method 
for fuzzy system reliability analysis for com-
ponents with different membership functions 
via non-linear programming techniques. In 
[20], Singer presented a fuzzy set approach 
for fault tree and reliability analysis. In [21], 
Suresh et al. presented a comparative study of 
probabilistic and fuzzy methodologies for un-
certainty analysis using fault trees. In [22], 
Utkin et al. presented a system of functional 
equations for fuzzy reliability analysis of var-
ious systems in the possibility context. 
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 In this paper, we present a new method for 
analyzing fuzzy system reliability using vague 
sets [10], [16], where the reliabilities of the 
components of a system are represented 
byvague sets defined in the universe of dis-
course [0, 1]. The grade of membership of an 
element x in a vague set is represented by a 
vague value [tx, 1 – fx] in [0, 1], where tx indi-
cates the degree of truth, fx indicates the de-
gree of false, 1 – tx – fx indicates the unknown 
part, 0 ≤  tx  ≤ 1 – fx  ≤ 1, and tx + fx  ≤ 1. The 
notion of vague sets is similar to that of intui-
tionistic fuzzy sets [1], and both of them are 
generalizations of the notion of fuzzy sets 
[23]. The proposed method can model and 
analyze fuzzy system reliability in a more 
flexible and more intelligent manner. It can 
provide us with a more flexible and more in-
telligent way for analyzing fuzzy system reli-
ability.  

This paper is organized as follows. In Sec-
tion 2, we briefly review some definitions and 
arithmetic operations of vague sets from [10] 
and [16]. In Section 3, we present a new 
method for analyzing fuzzy system reliability 
based on vague set theory. The conclusions 
are discussed in Section 4. 

 
2. Basic concepts of vague sets 
 

In 1965, Zadeh proposed the theory of 
fuzzy sets [23]. Roughly speaking, a fuzzy set 
is a class with fuzzy boundaries. Let U be the 
universe of discourse, U = {u1, u2, …, un}. 
The grade of membership of an element ui in 
a fuzzy set is represented by a real value be-
tween zero and one, where ui∈U. In [16], Gau 
et al. pointed out that this single value com-
bines the evidence for ui∈U and the evidence 
against ui∈U. It does not indicate the evi-
dence for ui∈U and the evidence against ui 
∈U, respectively, and it does not indicate how 
much there is of each. Furthermore, Gau et al. 
also pointed out that the single value tells us 
nothing about its accuracy. Thus, in [16], Gau 

et al. presented the concepts of vague sets. In 
[10], we presented the arithmetic operations 
between vague sets. Let U be the universe of 
discourse, U = {u1, u2, …, un}, with a generic 
element of U denoted by ui. A vague set Ã in 
the universe of discourse U is characterized 
by a truth-membership function tÃ, tÃ: U → [0, 
1], and a false-membership function fÃ, fÃ: U 
→ [0, 1], where tÃ(ui) is a lower bound of the 
grade of membership of ui derived from the 
evidence for ui, fÃ(ui) is a lower bound on the 
negation of ui derived from the evidence 
against ui, and tÃ(ui) + fÃ(ui) ≤ 1. The grade of 
membership of ui in the vague set Ã is bound-
ed by a subinterval [tÃ(ui), 1- fÃ (ui)] of [0, 1]. 
The vague value [tÃ(ui), 1 - fÃ(ui)] indicates 
that the exact grade of membership μÃ(ui) of 
ui is bounded by tÃ(ui) ≤μÃ(ui) ≤ 1 - fÃ(ui), 
where tÃ(ui) + fÃ(ui) ≤ 1. For example, a 
vague set Ã in the universe of discourse U is 
shown in Figure 1.  
 
 
 
 
 
 

 
 
 

    
 
 
 
 
 
 

 
 

When the universe of discourse U is a fi-
nite set, a vague set Ã of the universe of dis-
course U can be represented as  

 

Ã = iiÃ

n

1i
iÃ u / )]u(f-),1u(t[∑

=

.                          (1) 

0 ui 
U 

tÃ(U), 1- fÃ(U) 

1.0 

1 - ƒÃ(ui) tÃ(U) 

1- fÃ(U) 

tÃ(ui) 

Figure 1.  A vague set. 
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When the universe of discourse U is an in-
finite set, a vague set Ã of the universe of dis-
course can be represented as  

Ã = ,u / )]u(f-),1(u[t
U iiÃiÃ∫   ui∈U.                (2) 

Definition 2.1: Let Ã be a vague set of the 
universe of discourse U with the truth-
membership function tÃ and the false-
membership function fÃ, respectively. The 
vague set Ã is convex if and only if for all u1, 
u2 in U, 

tÃ(λu1 + (1-λ)u2) ≥ Min(tÃ(u1), tÃ(u2)),     (3) 

1 - fÃ (λu1 + (1 -λ) u2) ≥ Min(1 - fÃ(u1), 
1 - fÃ(u2)),                                                    (4) 

whereλ∈  [0, 1]. 
 

Definition 2.2: A vague set Ã of the uni-
verse of discourse U is called a normal vague 
set if ∃  ui ∈ U, such that 1- fÃ(ui) = 1. That is, 
fÃ(ui) = 0. 

Definition 2.3: A vague number is a vague 
subset in the universe of discourse U that is 
both convex and normal. 

 In the following, we introduce some 
arithmetic operations of triangular vague sets 
[10]. 

Let us consider the triangular vague set Ã 
shown in Figure 2, where the triangular vague 
set Ã can be parameterized by a tuple <[(a, b, 
c); μ1], [(a, b, c); μ2]>. For convenience, the 
tuple  <[(a, b, c); μ1], [(a, b, c); μ2]> can also 
be abbreviated into <[(a, b, c); μ1; μ2]>, where 
0 ≤ μ1 ≤ μ2 ≤ 1. 

Some arithmetic operations between trian-
gular vague sets are as follows: 

Case 1: Consider the triangular vague sets 
Ã and B~ shown in Figure 3, where 

Ã  = <[(a1, b1, c1); μ1], [(a1, b1, c1); μ2]> 
= <[(a1, b1, c1); μ1; μ2]>, 

B~ = <[(a2, b2, c2); μ1], [(a2, b2, c2); μ2]> 
     = <[(a2, b2, c2); μ1; μ2]>, 

and 0 ≤ μ1 ≤ μ2 ≤ 1. The arithmetic operations 
between the triangular vague sets Ã and B~ are 
defined as follows: 

Ã⊕ B~ = <[(a1, b1, c1); μ1], [(a1, b1, c1); μ2]>  
⊕ <[(a2, b2, c2); μ1] , [(a2, b2, c2); 
μ2]>  

           = <[(a1 + a2, b1 + b2, c1 + c2); μ1],  
[(a1 + a2, b1 + b2, c1 + c2); μ2]> 

 = <[(a1 + a2, b1 + b2, c1 + c2); μ1; μ2]>, (5) 

B~  Ã = <[(a2, b2, c2); μ1], [(a2, b2, c2); μ2 

]><[(a1, b1, c1); μ1], [(a1, b1, c1); 
μ2]> 

             = <[(a2 - c1, b2 - b1, c2 - a1); μ1], [(a2 - 
c1, b2 - b1, c2 - a1); μ2]> 

= <[(a2 - c1, b2 - b1, c2 - a1); μ1; μ2]>,  (6) 

Ã ⊗ B~  = <[(a1, b1, c1); μ1], [(a1, b1, c1); μ2 

]>⊗ <[(a2, b2, c2); μ1], [(a2, b2, c2); 
μ2]> 

               = <[(a1 × a2, b1 × b2, c1 × c2); μ1], [(a1 
× a2, b1 × b2, c1 × c2); μ2]> 

               = <[(a1 × a2, b1 × b2, c1 × c2); μ1;  
μ2]>,                                         (7) 

B~ ⊘ Ã = <[(a2, b2, c2); μ1], [(a2, b2, c2); μ2]> 
⊘<[(a1, b1, c1); μ1], [(a1, b1, c1); 
μ2]> 

= <[(a2/c1, b2/b1, c2/a1); μ1], [(a2/c1, 
b2/b1, c2/a1); μ2]> 

= <[(a2/c1, b2/b1, c2/a1); μ1; μ2]>.     (8) 
 

 
 
 
 
 
 
 
 
 

 
 

 
 
 

U 

µ1 

a b c 0 

tÃ(U), 1- fÃ(U) 

µ2 
1- fÃ(U) 

tÃ(U) 

Figure 2.  A triangular vague set. 
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tÃ(U), 1- fÃ(U) 
(U)(U) B~B~ f-1 ,t  

 
 
                 1- fÃ(U)                    1- f B~ (U) 
 

(U)A
~t                                                 (U)B~t  

 
 
 
 
 

0     a1        b1       c1         a2       b2       c2 

 
 
 
Case 2: Consider the triangular vague sets Ã 
and B~ shown in Figure 4, where 
 
A~ = <[(a1, b1, c1); μ1], [(a1, b1, c1); μ2]>, 
 
B~ = <[(a2, b2, c2); μ3], [(a2, b2, c2); μ4]>, 
 
and 0 ≤ μ3  ≤ μ1 ≤ μ4 ≤ μ2  ≤ 1. The arithmetic 
operations between the triangular vague sets 
Ã and B~ are defined as follows: 
 
Ã⊕ B~ = <[(a1, b1, c1); μ1], [(a1, b1, c1); μ2]> 

⊕ <[(a2, b2, c2); μ3], [(a2, b2, c2); 
μ4]> 

= <[(a1 + a2, b1 + b2, c1 + c2); Min(μ1, 
μ3)], [(a1 + a2, b1 + b2, c1 + c2); 
Min(μ2, μ4)]>,                                             
( 9)                           

 
B~  Ã = <[(a2, b2, c2); μ3], [(a2, b2, c2); 

μ4]><[(a1, b1, c1); μ1], [(a1, b1, 
c1); μ2]> 

= <[(a2 - c1, b2 - b1, c2 - a1); Min(μ1, 
μ3)], [(a2 - c1, b2 - b1, c2 - a1); 
Min(μ2, μ4)]>,                          (10)                                            

 
Ã ⊗ B~ = <[(a1, b1, c1);μ 1], [(a1, b1, c1); 

μ2]>⊗ <[(a2, b2, c2); μ3], [(a2, b2, 
c2); μ4]> 

=  <[(a1 × a2, b1 × b2, c1 × c2); Min(μ1, 
μ3)], [(a1 × a2, b1 × b2, c1× c2); 
Min(μ2, μ4)]>,                        (11) 

 
B~ ⊘ Ã = <[(a2, b2, c2); μ3], [(a2, b2, c2); 

μ4]>⊘<[(a1, b1, c1); μ1], [(a1, b1, 
c1); μ2]> 

= <[(a2/c1, b2/b1, c2/a1); Min(μ1, μ3)], 
[(a2/c1,b2/b1, c2/a1); Min(μ2, μ4)]>.                                           

(12)                          
 
tÃ(U), 1- fÃ(U) 

(U)(U) B~B~ f-1 ,t  
 
 
                     1- fÃ(U) 
                                                    1- f B~ (U) 
 
                        tÃ(U) 
                        
                                                        (U)B

~t  
 
 
 
 
 
 

 

 
3. Analyzing fuzzy system reliability 

based on vague sets 
 

In this section, we present a new method 
for analyzing fuzzy system reliability based on 
vague set theory, where the reliabilities of the 
components of a system are represented by 
vague sets defined in the universe of discourse 
[0, 1]. 
    Consider a serial system shown in Figure 5, 
where the reliability iR~  of component Pi is 
represented by a vague set <[(ai, bi, ci); μi1; 
μi2]>, where 0 ≤ μi1 ≤ μi2  ≤ 1, and 1 ≤ i ≤ n. 
Then, the reliability R~ of the serial system 
shown in Figure 5 can be evaluated as follows:  
R~ = R~ 1 ⊗ R~ 2 ⊗…⊗ R~ n 

0 

μ2 
μ4 
μ1 

μ3 

U  
    a1     b1     c1 a2     b2     c2 

Figure 4.  Triangular vague sets Ã and B~  (Case 2). 

U 

μ1 
 

μ2 

Figure 3.  Triangular vague sets Ã and B~ (Case 1). 
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= <[(a1, b1, c1); μ11; μ12]>⊗ <[(a2, b2, c2); 
μ21; μ22]> ⊗ … ⊗  <[(an, bn, cn); μn1; 
μn2]> 

= <[(∏
=

n

1i
ia ,∏

=

n

1i
ib ,∏

=

n

1i
ic ); Min(μ11, μ21, …, 

μn1); Min(μ12, μ22, … , μn2)]>.          
(13)                                          

 
 

 
 
 
 
 
 

 
Furthermore, consider the parallel system 

shown in Figure 6, where the reliability iR~  of  
component Pi is represented by a vague set 
<[(ai, bi, ci);μi1;μi2]>, where 0 ≤μi1 ≤μi2  ≤ 
1, and 1 ≤ i ≤ n. Then, the reliability R~ of the 
parallel system shown in Figure 6 can be 
evaluated as follows: 
 

R~ = 1 ∏
=

n

1i

1(  iR~ ) 

  = 1(1<[(a1, b1, c1); μ11; μ12]>)⊗ (1  
<[(a2, b2, c2); μ21; μ22]>)⊗  …⊗ (1  
<[(an, bn, cn); μn1; μn2]>) 

=  1<[(1- c1, 1- b1, 1- a1); μ11; μ12]>⊗< 

[(1 - c2, 1 - b2, 1 - a2); μ21; μ22]>⊗   
… ⊗<[(1 - cn, 1 - bn, 1 - an); μn1; μn2]> 

=  1<[(∏
=

n

1i

1( - ci), ∏
=

n

1i

1( - bi),∏
=

n

1i

1( - ai)); 

Min(μ11; μ21, …, μn1); Min(μ12; μ22, …, 
μn2)]> 

= <[(1-∏
=

n

1i

1( - ai), 1-∏
=

n

1i

1( - bi),1-∏
=

n

1i

1( - ci));  

Min(μ11; μ21, …, μn1); Min(μ12; μ22, …, 
μn2)]>.                                                (14) 

 

 
In the following, we use an example to il-

lustrate the fuzzy system reliability analysis 
process of the proposed method. 

 
Example 3.1: Consider the system shown in 
Figure 7, where the reliabilities of the compo-
nents P1, P2, P3 and P4 are R~ 1, R~ 2, R~ 3 and R~ 4, 
respectively, where 

R
~

1 = <[(a1, b1, c1); μ11; μ12]>, 
R
~

2 = <[(a2, b2, c2); μ21; μ22]>, 
R
~

3 = <[(a3, b3, c3); μ31; μ32]>, 
R
~

4 = <[(a4, b4, c4); μ41; μ42]>, 

0 ≤ μi1 ≤ μi2 ≤ 1, and 1 ≤ i ≤ 4. Based on the 
previous discussion, we can see that the relia-
bility R~ of the system shown in Figure 7 can 
be evaluated as follows: 

 
R~  =      [1 (1 R

~
1) ⊗  (1 R

~
2)] ⊗  [1 (1 

R
~

3)⊗ (1 R
~

4)] 

 
= [1  (1  <[(a1, b1, c1); μ11; μ12]>)⊗ (1 
 <[(a2, b2, c2); μ21; μ22]>) ⊗  [1 (1 
 <[(a3, b3, c3); μ31; μ32]>)⊗ (1  <[(a4, 
b4, c4); μ41; μ42]>)] 

 
= [1<[(1 - c1, 1 - b1, 1 - a1); μ11; 
μ12]>⊗<[(1 - c2, 1- b2, 1- a2); μ21; 

Input Output 

P1 

P2 

Pn 

…
 

Figure 6.  Configuration of a parallel system. Output P1 P2 Pn … Input 

Figure 5. Configuration of a serial system. 
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μ22]>] ⊗ [1<[(1 - c3, 1 - b3, 1- a3); μ31; 
μ32]> ⊗<[(1 - c4, 1 - b4, 1 - a4); μ41; 
μ42]>] 

 
= [1<[((1 - c1)(1 - c2), (1 - b1)(1 - b2), (1 

- a1)(1 - a2)); Min(μ11; μ21); Min(μ12, 
μ22)]>]⊗ [1<[((1 - c3)(1 - c4), (1 - 
b3)(1 - b4), (1 - a3)(1 - a4)); Min(μ31; μ41); 
Min(μ32, μ42)]>] 

 
= <[(1 - (1 - a1)(1 - a2), 1 - (1 - b1)(1 - b2), 

1 - (1 - c1)(1 - c2)); Min(μ11; μ21); 
Min(μ12, μ22)]>] ⊗ <[(1 - (1 - a3)(1 - a4), 
1 - (1 - b3)(1 - b4), 1 - (1 - c3)(1 - c4)); 
Min(μ31; μ41); Min(μ32, μ42)]> 

 
= <[(a1 + a2 - a1a2, b1 + b2 - b1b2, c1 + c2 - 

c1c2); Min(μ11; μ21); Min(μ12, μ22)]> 

⊗ <[(a3 + a4 - a3a4, b3 + b4 - b3b4, c3 + c4 - 
c3c4); Min(μ31; μ41); Min(μ32, μ42)]> 

 
= <[((a1 + a2 - a1a2)(a3 + a4 - a3a4), (b1 + b2 

- b1b2)(b3 + b4 - b3b4), (c1 + c2 - c1c2)(c3 
+ c4 - c3c4)), Min(μ11, μ21, μ31, μ41); 
Min(μ12, μ22, μ32, μ42)]> 

 

= <[(a1a3 + a1a4 - a1a3a4 + a2a3 + a2a4 - 
a2a3a4 - a1a2a3 - a1a2a4 + a1a2a3a4, b1b3 + 
b1b4 - b1b3b4 + b2b3 + b2b4 - b2b3b4 - 
b1b2b3 - b1b2b4 + b1b2b3b4, c1c3 + c1c4 - 
c1c3c4 + c2c3 + c2c4 - c2c3c4 -c1c2c3 - 
c1c2c4 + c1c2c3c4); Min(μ11, μ21, μ31, μ41); 
Min(μ12, μ22, μ32, μ42)]>.                                   
(15)  

 

Figure 7. A system with four components P1, P2, P3, P4. 
 

4. Conclusions 
 

We have presented a new method for ana-
lyzing fuzzy system reliability using vague set 
theory, where the components of a system are 
represented by vague sets defined in the uni-
verse of discourse [0, 1]. The proposed meth-
od can model and analyze fuzzy system relia-
bility in a more flexible and more intelligent 
manner. It can provide us with a more flexible 
and more intelligent way for fuzzy system re-
liability analysis. 
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