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Limit Cycles in a General Nonlinear Oscillation
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Abstract: Theorems on the existence and uniqueness of limit cycles in the general nonlinear os-
cillation have been studied. The conditions that guarantee the uniqueness of limit cycles here
are different from all the previous results. Several examples are given to illustrate that the
theorems are easy to be employed, and they are useful in the discussion of limit cycles in quad-
ratic differential equations and ecological systems.
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1. Introduction

Limit cycles of plane autonomous differen-
tial systems appeared in the very famous pa-
per “ Mémoire sur les courbes définies par
une ¢ quation diff é rentielle” of Poincar é
(1881, 1886). In the 1930s, van der Pol and
Andronov showed that the closed orbit in the
phase plane of a self-sustained oscillation oc-
curring in a vacuum tube circuit was a limit
cycle as considered by Poincaré. After that,
the existence, nonexistence, uniqueness and
other properties of limit cycles have been
studied extensively by mathematicians and
scientists (see, for example, Ye et al. [17]).

The van der Pol equation

dx
—+e(xX*-1)—=+x=0 1
dt? 01 dt @)
can be generalized to the Liénard equation

d?x dx
d?+f(x)a+g(x)=0. 2)

Let G(X)= joxg(x)dx, F(x) = jox f (x)dx.

By the Liénard transformation, the equation
is equivalent to the following systems:

ax_ dy

il F (), ot g(x) 3)
or

dx__ B ﬂ:

proi F(x), ot g(x), 4)

(see, for example, Arrowsmith and Place [1],
or Ye etal. [17]).

The existence and uniqueness of limit
cycles of the Liénard equation have been
studied by many authors. There are, for
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example, Liénard [11], Dragiliév [5], Filippov
[6], Sanone [14], Levinson and Smith [10],
Rytchkov [13], Zhang [19,20], and Zhon [21].
The Liénard systems (3) and (4) can be gen-
eralized to the following nonlinear oscillating
systems:

dx B ﬂ__

E—h(y) F(x), i g(x) )
and

dx__ B ﬂ:

T h(y) - F(x), ot g(x). (6)

Notice that, in general, the systems (5) and
(6) are not equivalent to each other if h(y)is

not odd.

Zhang [19] obtained conditions for the
uniqueness of limit cycles in the system (6) by
the method of comparison. Later, Cherkas
and Zhilevich [2] relaxed her conditions.

Zhang’s theorem has been widely employed
in the study of quadratic differential systems
and ecological systems (see, for example, Ye
et al. (1986), Zhang, et al. (1985), Kuang and
Freedman (1988), Huang and Merrill (1989),
Zhuo, et al. (1999), Liu, et al. (2000), Zheng,
et al. (2001), Wo, et al. (2003), Dou, et al.
(2003), Yan, et al. (2004), and Zhu (2004).

Since the existence of limit cycles in the
system (6) has not been studied in Zhang
[19,20], and Cherkas and Zhilevich [2], every
time the theorem is used, the existence has to
be discussed separately.

In this paper, we shall prove six theorems
for the existence of limit cycles in the oscil-
lating system (6), and discuss some new con-
ditions that guarantee the uniqueness of limit
cycles as well.  Our results are different from
those obtained by Zhang [19,20] and Cherkas
and Zhilevich [2]. For example, the condi-

tionthat 4 F™, . o isno longer needed.
dx * g(x)

Several examples are given to illustrate that
our results can be easily employed in practice.
The general nonlinear oscillating systems
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are now often used in the studies of quadratic
differential equations and ecological systems
(see, Ye et al. [17], Huang [7], Kuang and
Freedman [9], Huang and Merrill [8], Zhuo et
al. [23], Liu et al. [12], Zheng et al. [18], Wo
et al. [15], Dou et al. [4], Yan et al. [16], and
Zhu [22]). However, in most of the recent
papers [4,12,15,16,18,22,23], the authors just
deal with a particular system itself without a
general consideration of the theory of differ-
ential equations. So many similar proofs are
repeating again and again for some particular
systems. The system studied in this paper is
quite general in mathematics, and many pre-
vious results can be easily derived by our
theorems as special cases. And, of course,
by using these theorems, one can produce new
results in many different areas in addition to
systems in the physical oscillations.

In our discussion, we assume that all the
function in (6) are continuous and satisfy the
uniqueness condition of solutions for

|| <40 and |y|<+oo.
We also assume that:

(A)) h (0 = 0, h(y) is increasing,
In(+o0)| =+o0; and |y|<+o0 when x#0,
xF(x)<0 for || sufficiently small.

(A2) Timusse (G(X) + F(X)sgn x) = +o.

(As) a). F(x) is bounded below forx>o if

mxa«x F(X) < 400,
b). F(x) is bounded below for x<o if

lim, ,_, F(x) > —co.

Notice that, in this paper, lim «. stands for
the upper limit as x — +o0, while lim
the lower limitas x — +w.

X—>*o0 !

2. Existence of limit cycles

In the following discussion, let
C{x=x(t), y= X('[)|X(t0) =X y(to) = yo}
be the trajectory of the system (6) passing



(X, Y,) at t=t,. We first prove
LEMMA 1. If (A,) is satisfied, then
lim 5w Y(t) = +00 = liM X (t) =400, (i)

lim 5 Y(t) = —00 = liM uwX(t) =—o0. (i)

PROOF: Assume that (i) is not true, then
there is a solution for which

Thus there exists an a>0 such that
X(t)<a forall t>t,.
Let

I\/IO = maxOsxsa |g(X)|! and

I:0 = maxosxsa F(X)|’

and h™ be the inverse function of h.

Since y(t) is increasing on the right half
plane, we can choose t; and t, such that

X(tl) >0, y(tl) = hil(ZFo)’

x(t,) >0, y(t,)>h"(2F,)+ MFOa .

0

Consider the integral along the trajectory
I', we have

x(ty) g(X)
y(t,) = y(t) +L(t1) ~h(y)-F(x)

IX(tZ) |9 (x) ix
) h(y)HF O

) M
<h™(2F,)+ Foa.

0

<h™(2F,)+ (8)

This is a designed contradiction to

y(t) > 1 (2F,) + 28
FO

1 is valid. Similarly, we can prove (ii) of

Lemma 1.

. Hence, (i) of Lemma

Limit Cycles in a General Nonlinear Oscillation

LEMMA 2. If (A1), (Ap) are satisfied, and
if (Az —a), then

Wt—wroo X(t) = +00 = Il_m t~>+ooy(t) =—00,
if (A;—b ), then
Wt—ww X(t) =—00 = I|_m t—)+wy(t) =+400.

PROOF: we only prove (iii). Assume that
there is a solution for which

mt—HwX(t): + 00 bUt mta+ooy(t)>—00, (9)

Then, we can find a constant b<0 such
that y(t) =max{h(b), b} for all t>t, . If
limsmF(X) =+, then there exists an

X, >|x,| such that F(x)>-h(b). The con-
tinuity of F(x) implies that there exists

an &>0 such that F(x)>-h(b) for
Xe(X —&X+&).
Thus,

dx

G = M -FX) <0,

which means that I'can not cross the line
X=X +¢ ifitenters the strip ‘x—xl‘ <g.

But it is impossible because of the hy-
pothesis that lim t-..Xx(t) = +o. Hence, (9)
is incorrect.

If limowF(t)<+o0, by (A-a), F(x)is
bounded below, and then there exists an f,
(> 0) such that |F(x)|<h™(f,) forall x>Xx,
The curve —h(y)—F(x)=0 passes through

the origin, and x(t) increases monotonically

above the curve. By the phase portrait
analysis, the trajectory I either revolves
around the origin or keeps traveling above
with x(t) increasing.

In both cases, we can find a piece of trajec-
tory such that x(t,) =c(c >|x,|, ¢ =const.)
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-(Y®)-F®) 20, (,<t<t),  (10)
where x(t,) is so big that
[0 g0adx> @)+ ()7 (1)

Now, the integral along I from t; to t,
leads to

x(ty) g(x)
@ —h(y) - F (x)

X(tz) g(x)
“MO ] )iy

>h(f,).

y(t,) =y(t)+

(12)

Since h™*(f,)>h*(F(x)) for x>x,, then
y(t,) >h™(=F(x(t,))), which contradicts to

(10). Therefore, (iii) is valid.

Similarly, we can prove (iv). From Lem-
mas 1 and 2, one can see that every trajectory
of the system (6) revolves around the origin.

Thus, we have

LEMMAZ3. If (A1), (A) and (As-a) or
(As-b) are satisfied, then that one of x(t) and
y(t) is bounded implies the trajectory T is
bounded.

Now, we are in the position to prove the
existence theorems.

THEOTEM 4. If (A1), (A2), and (Az - a)
are satisfied, and if there existsM > —F(x),

(x>0) such that

- w g(x)
O M +F (x)

(i) h(y)>y for y>M;

dx < g < +o0,

then the system (6) has limit cycles.
PROOF: Consider the auxiliary system
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dx

_ dy__
o “NO+F. =909 (13)

and its trajectory

I {x=x(), y=y(®)[x(0)=0, y(0)
=Y, ¥o=M+C+pu, C>0}

We prove that

lim__ x(z)=+o0. (14)

T

By (ii), when y>M +C,

h(y)+F(x)>C (x>0). (15)

Clearly, when z has a small increase from
0, x(r) increase and y(r) decrease. We

claim that,

y(r)>M +C, Vz>0. (16)
Y
4
II Yo
]_"-1- ."'-n. =
N
\\
I N .
- X
III \O
v ~h(y) - F(z) =0

Figure 1. T=T"NI" and I" is bounded
aboveiny

Assume that (16) is not true. Then there
exists 7' such that y(z) <M +C. By (i),

and h(y)+F(x)>0 for y>M,



N [ —g(x)
=L e ®

>M +C+,u—'[0+w ﬂdx

M + F(x) (17

>M+C.

This contradiction shows that (16) is valid.
Hence, (15) and then (14) are true. Since

I'" is the negative semi-trajectory of = of
(6), T is bounded above in y. That is,
y(r) <y, whenever y(r)el (see Figure
1).

Let " be the positive semi-trajectory of
. Then y(t)el™ increases only when
x(t)>0. Since I'" does not intersect with
I'",s0 y(t) hasa upper bound. By Lemma
3, T'" is bounded. The origin (0, 0) is the
only equilibrium of (6 ) and it is unstable.
So the w-limit set of T'" is a limit cycle
(see Cronin [3]). Similarly, we can prove

THEORIM 5. If (A),(A,)and (A; - b)
are satisfied, and if there exists M > F(X),
(x>0) such that

- = g(x) .
(|) J.O M_—F(X)dxsﬂ<+oo’

(i) h(y)<y for y<—M.

then the system (6) has limit cycles.

Let us come back to the proof of Theorem 4.

The conditions (i) and (ii) ensure that the tra-
jectory I'™ of the system (15) approaches to
the positive infinity. Then T'" can not cross
the y-axis from left to right above vy, .

Therefore the outer boundary of the Ben-
dixson region is granted. Actually, these
conditions can be relaxed.

THEOREM 6. If (Ay), (A2) and (Az-a),
and if there exists M such that

Limit Cycles in a General Nonlinear Oscillation

M >-F(x), (x>0), and

I+°° g9(x)

o M+F(x)
then the system ( 6 ) has limit cycles.

PROOF: Since the origin (0,0) is the only
equilibrium that is unstable, we just need to
prove that T (t>0) is bounded. By
Lemma 3, it is equivalent to show that y(t)
has an upper bound. Otherwise, suppose

dx < +o0;

1im e y(t) = 40 .

Since y(t) only increases when x>0,
there exist t', t">t, such that y(t) is suf-

ficiently larger that h(y)>M when vy
>y(t"), and
" o [ 9(X)
t t ————0x,
> YO+ ] e

for x(t)>0, t'<t<t"

Because y(t) increases while x(t) de-
creases for te[t't"],

ye)=y(e)+ [ I

®  —h(y)-F(x)
N, O 9(x)
<y(t)+ jm T dx

O[T g i(li)(x) &

The designed contradiction shows that
y(t) (t>0) has an upper bound. This com-
pletes the proof of Theorem 6.

Similarly, we have

THEOREM 7. If (A1), (A2) and (Az-b),
and if there exists M such that M > F(x),

(x<0), and J.Ofw ﬂdx<+oo ., then

M — F(x)
the system (6 ) has limit cycles.
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THEOREM 8. If (Ay), and (i), (ii) in
Theorem 4 are satisfied, and if
(iif)  there exists x, <0 such that

-F(x)>2h(M +C+ p),
(iv)  limeF(X) =+, F(x) is bounded be-
low for x > 0, then the system ( 6 ) has limit

cycles.
PROOF: Consider the positive and negative

semi-trajectories I'" and I~ in the proof of
Theorem 4 (see Fig. 1 ). By (Ay), (i), (i)
and F(x) is bounded below for x >0,
X(t)eI'"goesto +o as t— —wo.

Thatis, T'™ has the same property as the
one in the proof of Theorem 4. Thus, if we

can show that T"* comes back to the positive
y-axis, the proof is done. As shown in Fig-
ure 1 the curve —h(y) -F(x)=0 and the

y-axis divide the xy-plane into four zones:

Zone | = {(x,y)|x>0, —h(y)—F(x) <0},
Zone 11z {(x,y)[x <0, —=h(y)—F(x) <0},
Zone 111 :{(x, y)|x<0, —h(y)-F(x)>0},
Zone IV :{(x,y)|x>0, —h(y)-F(x)>0}.

When t increases, I'"goes to Zone Il in
which both x(t) and y(t) decrease.

Let the line x = x; intersect the curve
~h(y)-F(x)=0 at (x,y,). By (iii),
h(y,) =-F(x)=h(M +C+4).

Therefore, y1> yo and T must cross the
curve —h(y)-F(x)=0 into Zone IIl. In

Zone |11, x(t) increases and y(t) decreases,
by the facts that x(t) is bounded in Zone III.
(0,0) is unstable and

YO =yt)+ [ gx@)dt, v

can neither approach to —o norto (0,0).

It must cross the negative y-axis into Zone
IV.  The condition (iv) guarantees that

['"enters Zone |, and finally comes back to
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the positive y-axis since it cannot touch I"".

Similarly, we have
THEOREM 9. If (A and (i), (ii) in
Theorem 5 are satisfied, and if

(iii) there exists x, > 0 such that
—F (%) <h(~(M +C + ),

(iv) lim, , F(x)=-o F(x)isbounded

above,

(v) forall x <0;then the system ( 6 ) has
limit cycles.

3. Uniqueness of limit cycles

The proof of the uniqueness theorem of the
limit cycles needs the following modified as-
sumption:

(A1)' h(0)=0, h(y) isincreasing,
|h(do0)| = +%0;  xg(x) >0 when

x # 0; and there exist a<0<b, N
sufficiently large, such that x F(x) <0
for xe(a,b),x#0,and xF(x)<0,
F(x) is increasing for

xe(—N,a) and xe(b,N).

Obviously, (A1)' > (A1). Thatis, if (A1)
is satisfied then so is (A1). For conveience,
we use the notation (A; ) instead of (A)' in

the following discussion.

Let

G =[" g(dxH(y) =] h(y)dy,
and

A=G(X)+H(y).

THEOREM 10. If one of the following condi-
tions is satisfied:

(i) G(b)=G(a);
(i) G(b) >G(a) and there exist x'e(a,0),



y'<0 such that
h(y)2-F(x), H(y)=G(b);
(iif) G(b)<G(a) and there exist x"e (0,b),
y">0 such that
h(y") <-F(x"), H(y")=G(a);

(iv) thereexist x'e(a,0), y'<O0such that
h(y)>-F(x"), H(y") >G(b); and
x"e(0,b), y">O0such that
h(y") <-F(x"), H(y")=G(a);

then in the system (6) there is at most one

limit cycle.

PROOF: Let x, =min{x:(x,y) eI}, and

X, =max{x:(x,y)eI}, and " a limit cycle

of (6). We first show that

CLAIMA.
X, <a<b<x, (18)

that is, all the limit cycles contain the line
segment [a, b] on x-axis.

If not, assume that

CASE1l. a<x <x <bh.

Then differentiating A along the system (6)
results in

dA=G'(x)dx+h(y)dy=—F(x)dy >0,
since F(x)>0, dy<0 for xe(a,b), and
F(x)<0, dy>0 for xe(0,b).

Notice that the equality is valid only when
x # 0, we have

dA>0. (19)
9,

This is impossible because T'is a close
curve.
CASE2. x <a<X <b.

In that case I crosses the positive
x-axis,say, at P(x,,0), (0<x, <b), and the

Limit Cycles in a General Nonlinear Oscillation

ray x=a, y<O0 at P'(a,y,), (y, <0).

Since j; dA>0, A(P)<A(P): thatis

G(a)+H(y,) <G(x,) <G(b). (20)

By the fact that H(y,)>0. (20) is im-

possible under the conditions (i) and (iii).
We also can prove that Case 2 in not true un-
der the trajectory I'~ passing the point B(b,
0).

When t decreases, ' crosses the negative
y-axis atB'(0, y;.) .

Since dA E_E?<0. A(B) < A(B), then
H(yg) <G(b) (21)

Moreover, consider the trajectory I'" pass-
ing the point C(x',y") (see Figure 2). When

t increases, I'" crosses the negative y-axis at
C'0,yc).

Figure 2. T""can not cross BB

Since y is decreasing when x<0, y.. <y".
From (ii) or (iv) and (21 ),

Int. J. Appl. Sci. Eng., 2004. 2, 3 301
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H(yc)>H(y)2G(0)>H(ye),
which implies that y.. < yg..

Because of the uniqueness of solutions,

I"*can not cross BB' and it must intersect
with the line x = b as well. This designed
contradiction completes the proof of Case 2.

CASE3. a<x, <b<x,.
In the case that I crosses the negative x-axis,
say, at Q(X,,0), a<x, <0, and the ray
x=b, y>0 at Q'(b,y,), Yo >0. Since
di 5% < 0, AQ)<A(Q) , and conse-
quently,

G(b)+H(Yy) <G(x,) <G(a). (22)

Since H(y,) >0, (22) is a contradiction to
the conditions (i) and (ii). Now we consider
the trajectory I'” passing A(a,0). When t
decreases, I'” crosses the positive y-axis at
A'(0,y,). Also, d/%‘AAA <0 implies that

A(A) < A(A). Hence

H(y.) <G(a). (23)

The trajectory TI'" passing D(x",y") will
intersect with y-axis at D'(0,y,.). Sinceyis
increasing when x>0, y, >y". There-
fore, by the conditions (iii) or (iv), and (23),

H(yp)>H(y)2G(@)>H(y,)- (24)

Thus y,. >Yy,. The uniqueness of solu-

tions implies that T'"* can not cross AA' and
hence intersect with the line x=a. Conse-
quently, T intersects with x=a as well.
This contradiction completes the proof of
Case 3, and hence of Claim A.

We are now in a position to prove that the

302 Int. J. Appl. Sci. Eng., 2004. 2, 3

limit cycle is unique. If not, suppose there
are two limit cycles Tand I'" and I'cT"
(see Figure 3). Let us compute the integrals

$rdi and §.da.
As shown in Figure 3,

Fzﬁuféuéﬁuﬁﬁ,and
'=E"F"UF"F'UF'G'UG'G"U

G"H"UR"H'URE'UE'E"
A

Figure 3. ¢ p.dA > ¢ dA.

Since T' I, for the samey, let

(x,y)el, (x,,y)eI'", wehave

] <P (25)
By the fact that F(x) >0, dy<0, and

F(x) is decreasing for xe(-N,a), and
(25),

[ di=]_. —F0ody

> j _ —F(0dy (26)



= [ d4

EF

Similarly,

jﬁ di> j@ da. (27)
Also, since g(X)F(x)<0 for x=0,

xe(a,b), dx<0, —h(y)-F(x)<0, and the
fact that h(y) is increasing and for the same

X, the y coordinate in T is bigger than the
onein T.

Iﬁ- dﬂ:jﬁ-

SF)90)

—h(y)-F(x)
> %dx 29)
Simnarly,:JHE i
Jﬁ@ d/1>j@ dA. (29)

Considering the fact that integrals of dA
along with E'E", F"F', G'G",and H'H"
are all positive, we have

L- d/1>jr da. (30)

This is impossible because both CJSF, di

and cﬁr dA are zeroes. This proves that

there is at most one limit cycle in the system
(6) if one of the conditions of Theorem 4 is
satisfied. By the fact that (0, 0) is an unsta-
ble equilibrium, the limit cycle is stable if it
exists. The proof of Theorem 10 is com-
plete.

When h(y) =y, the system (6) is reduced

to the Liénard system (3) or (4). The above
results can be summarized as

THEOREM 11. |If

Limit Cycles in a General Nonlinear Oscillation

(1) xg(x)>0, (x#0); and there exista <0 <
b, N sufficiently large, such that

xF(x) <0 for xe(a,b), x=0,and

xF(x) <0, F(x) isincreasing for

xe(=N,a) and xe(b,N);

(ii) one of the following holds

1). liMussn (G(X) + F(X)SGN X) = +oo;
F(x) is bounded below for x > 0 if
limy. (G(X) + F(X)sgn x) < +o0 ; and
there exists M > -F(x), (x > 0) such that

J'+°° 9(x)

dXx < +o0,
o M+F(X)

2). 1im e (G(X) + F(X)SGN X) = +o0;
F(x) is bounder above for x <0 if
limycs i (G(X) + F(x)sgn x) > —o0; and
there exists M > F(x), (x> 0)such that
I-w g(x)

dx < 4o0;
°  M-F(x)

3). WHMF(X) = +o0; there exist
M >-F(x), (x>0), such that

rw ﬂdx<,u<+oo and x, <0
o M+F(x)
such that F(x)<—(M +C+ ), C>0;
4).  limewF(X) = - there  exist
M>F(x) , (x < 0), such that
- 9(x)
J-O M_—F(X)dx<ﬂ<+00

and x, > 0such that
F(x,)>M +C+ 4, C>0;
(it) one of the following holds
1). G(b)=G(a);
2). G(b)>G(a)and there exists

x'e(a,0) suchthat F(x')>./2G(b);
3). G(b) <G(a)and there exists

x"e (0,b) such that F(x")<—/2G(a) ;

4). there exists x'e (a,0) and
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x"e (0,b) such that F(x")>./2G(b) and
F(x")<—/2G(a) ;

then the system (3) has a unique limit cycle.
4. Examples

Let us use some examples to illustrate our
results.

EXAMPLE 1. Consider the system

(31)

x*(x-1)

x*(x+1) if x<O.

if x>0,
F(x)=

It is not difficult to see that the conditions
(M), (i))-1) M =1), and (iii)-1) (a=-1,b =1)
in Theorem 11 are satisfied, and hence there is
a unique limit cycle in (31).

However,
FO)_5y o¢ ifx<o, (32)
9(x) 2

Therefore =) s decreasing if —%<x

<0, and hence Zhang’s theorem [19], [20]
and Cherkas and Zhilevich’s theorem [2] are
not applicable in the system (31).

EXAMPLE 2.
2
%:_133/ > —x(x+%)(x—1)
y ty (33)
dy  2x
dt 1+x*

The system (33) has a unique limit cycle

304 Int. J. Appl. Sci. Eng., 2004. 2, 3

because the conditions of Theorem 6, and (ii)
of Theorem 10, with
1 1
a=—=, X'=—=, b=y'=1
3 4 y

are satisfied. But G(ioo):%<+oo, and

hence Zhang’s theorem [19], [20] and Cherkas
and Zhilevich’s theorem [2] can not be em-
ployed either.
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