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Abstract: The Backlund transformation (BT) for a three-dimensional nonlinear wave equation
and its nonlinear superposition formula are studied in this note. We prove that the three dimen-
sional Béacklund transformation obtained by Leibbrandt, ez al. can be decomposed into three
two-dimensional BTs. Some results on the N-dimensional Liouville equation are also discussed

in the article.
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1. Introduction

For the past decades the study of nonlinear
wave equations has attracted a lot of atten-
tions from scientists and mathematicians.
Some powerful tools such as the singular
perturbation, the inverse scattering transform,
the Bécklund transformation (BT), etc., are
developed in solving these equations. It is in-
teresting to note that the Bécklund transfor-
mation was first introduced in
pseudo-spherical surface but now is very
useful in nonlinear equations.

Liouville equation in three dimensions takes
the form:

Via=expa, V?=0.+0.+0, @

with the following conditions:

a—)—oo,ci—a—)o, rE(x2+y2+zz)%—>+oo 2)
r

In two-dimensional space, this equation is

reduced to
(05+03) x = kexp(ay) (3)

with some boundary condition on y, where
y is a scalar field, and a, & are real con-

stants.

Equation (3) was first obtained by Liouville,
and was studied later by many well-known
mathematicians that include Picard, Poincare
and Bierberbach, efc. The equation has sig-
nificant applications in electro-statistics,
hydrodynamics, cosmology, isothermal gas
spheres and monopole theory.

A Backlund transformation for equation (1)
and its nonlinear superposition formula was
proposed by Leibbrandt, et al. [3,4]. In this
note, we prove that the three-dimensional
Backlund transformation of [3,4] can be de-
composed into three two-dimensional BTs.
We also discuss some results for the
N-dimensional Liouville equation. Since the
theory of Bécklund transformations is still
very active [6,8], thus this discussion has, ob-
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viously, some interests.

2. Decomposition of Backlund transforma-
tion for the Liouville equation

The Backlund transformation derived by
Leibbrant et al. for the Liouville equation in
three spatial dimensions is

K@if-a)= x/_exp( jexpz@gg 4)

K =10, +i(0,0,+0,0.) (5)
9 =0, exp(-ilo,) (6)
where,

01 0 —i 1 0
9171 0) %27l 0) % Tlo 41

are Pauli matrices and / the 2x2 identity
matrix, 6,4 (0<0<2z, 0<A<27x) are
the parameters of the BT, a«and /S are real

functions satisfying Equation (1) and the
Laplace Equation:

20 _ 2 _ A2 2 2
V=0, V'=02+0"+0’ @)
respectively.

Note that
exp(idio,) =1cosA+ioc,o,sin A ©)

{ [isin/l icosl]} . [isinzl icos&}(g)
exp< 6@ =/cosf@+sind

icosA —sind icosA —isini

We can prove that the Backlund transforma-
tion of (1) takes the following form:

K(if-a)=(A+iB)N2 exp(a +ip j (10)

where

A=1cosd (11)
sin@sinA sindcos A

B= (12)
sin@dcosA —sin@dsin A
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This matrix equation implies the four Equa-
tions:

(0, +i0,)(if —a) = (cos@ +isingsin i)fexp(a;lﬂj
(13a)

(0, —i0,)(if —a) = (cosd—isin@sin AN exp(a Ziﬁj
(13b)

i0,(if —a)=isin Qcosﬁﬁexp(a Ziﬂj

(13c)
i0,(if—a)=isin Hcos/%/iexp(a J;lﬂ}

(13d)

or, their equivalent forms:

0.(if-a)= x/_coseexp( “ﬂj (14a)
0,(if-a)= \/_smecosiexp( Z'B)(14b)

0.if-a)= J25sin Hsm/lexp( j(14c)

If we compare the real and imaginary parts
of the equations in (14), and use the integral
conditions, we can show that equations (14a,b)
are Backlund transformation for the two- di-
mensional Liouville equation in the light-cone
coordinate system:

a,, =singcosdcos Lexpa (15)
and the wave equation B =0 . Similarly,
equations (14a,c) are BT for

a_ =singcos@sin lexpa (16)

and the wave equation g_=0; and equa-
tions (14b,c) are BT for

a,, =sin’ @sin Acos Aexpa (17)



and B.=0

We would like to point out that:
1). The equations (15), (16), and (17) can be

written, with some coordinate transformations,

as the standard form as in (3).
2). From (14) we have

o, =Ccos’ dexpa (18a)
a,, =sin® §cos’ Aexpa (18b)
o, =sin® @sin® lexpa (18c)
and thus

a.ta,+a, =expa (19)

which is the original three-dimensional
Liouville equation.  Similarly, we have
ﬁxx—i—ﬂyy—'—ﬂzzzo (20)

which is Laplace equation (7). Therefore,
we can see that the three sets of BTs for
two-dimensional Liouville equations also sat-
isfy the conditions for the three-dimensional
Liouville equation (1).

In Béacklund transformation (14), since the
parameters 6,4 (0<60<2z, 0<A<2nx)
are real, all the trigonometric functions in (14)
are real. Therefore, we have shown that the
Backlund transformation (14) for the
three-dimensional Liouville equation (1) is
able to be decomposed into three sets of BTs
for two-dimensional Liouville equations.
Similar results can be obtained for the Liou-
ville equation in N spatial dimensions.

3. Some results of Liouville equations in N
spatial dimensions

We write (14) into the following:

0 o (if-a)=a2exp (#j (21a)

0 o (if-a)=a,\2 exp(aH’B] (21b)
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8x(3)(z f—a)= a3\/_ exp(aﬂﬂ ] (21c)

where a;,=a,(0,4) (j=123)are the pa-
rameters of the transformation, which satisfy
a’+a;+d; =1 (22)

It is easy to see that «,,j=1,2,3 are real
due to the ranges of 6, /.

Consider the transformation in
N-dimensional space
5x<j><fﬂ—a)=aj¢§exp[“+l ] (i=12..N)

where «,,j=123,..,N, satisfyZaf:l.
j=1

Obviously, aand g in(23) satisfy the
N-dimensional Liouville equation

N

D 0t a=expa (24)
j=1
and the N-dimensional Laplace equation

N

> i) B=0 (25)
=

Let & =(a,,4a,...a,), and extend it to a

standard  orthogonal  basis of  the
N-dimensional space R": {¢,¢,...&, }. Con-
sider the matrix A with the low vectors
of¢,(j=12...N), and the coordinate trans-

formation:

[y(l)y(z) _y(N)]T =A[x(1)x(2)__x<1v)]f (26)
We have
6 (if-a)= fexp(““ﬂ)
? (@7)
0 ) if=a)=0, (j=23..N) (28)

This means that under the new coordinates,
aand B are only related to y®, which satisfy

the regular easily solvable two-dimensional
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Liouville and wave equations:
a  =expa, (29)

0,0

p L, =0. (30)

For the Liouville equation with time variable
t, we have a similar result. For example, con-
sider

(V?-0*)a =expa, Where V°
(31)
and its Backlund transformation

- 2 2
=0,+0,+0:,

K(if-a)=~2 exp(a Z’ﬂ jexp i0p  (32)

where
K =10, +i(0,0,+0,0.)+0,0,, (33)
© =0, exp[(=idc,)exp(-70,)], (—0 <7 <+m) (34)

and £ satisfies the equations

(V2-07)B=0,where v?=52+%+0° (35)

It can be proved that the Backlund transfor-
mation (32) with time variable ¢ has a similar
structure with the one of (4) without time ¢.

4. Nonlinear superposition formula of solu-
tions

In references [3,4], the following nonlinear
superposition formula of solutions for Liou-
ville equation of higher dimensions have been
used:

o _ @
tan| £2=Fs ﬁo — R, tanh| "% | (3p)
12 4

1
Ry =#[(L+Rp) M-y [ R < (37)
N,, =€0s 6, cos b, +sin g, sin 6, cos(4, — 4,),

where @, a,?, fo and B, are the real so-

lutions of equations (1) and (7), respectively.
These solutions are connecting by the Back-
lund transformation (4). Assume that the BT
(4) is permutable, we have
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iBAA W% g ig%E s q@%h g (38)

We WI|| show that the above superposition
formula is trivial. According to (21), we can
change (38) into

a. Cll- a
i a® g, g a® L ip, (39)

where o, , a, (i = 1,2,3) depend on

0.4, . It follows that a;, a} are real due

to the range of 0, and A; . \We have

a®

o (ip, —a®) = aj\/iexp( ;lﬁoj (40a)
axV i -a?)=a, \/—exp[ +’ﬂoj (40b)
e -ip,)=a, [exp[lﬂz+afl)] (40c)
o (a® -if,) = afexp[’ﬁ2+“1 j (-123 (40d)
From (40a,c) and (40b,d), we obtain
(i, ~ifs,) = 41)
a, \/7exp[0{l A ﬂ°j+a \/—exp(lﬂzzalmj
and
oxV (lﬂ _iﬂz) =

2 a2y (42
u \/’exp[aé )2 ﬂoj+a \/’exp[lﬂz';al( )j ( )

Also,

a smh[ (1)_a12)+lﬂo_lﬂ2j|:c03h[ o’ +ai? Hﬂoﬂ’gz}

@ (2)
. o’ +ta +lb) +lﬂ
+smh[ 1 L 2 2 :|

(2) 1) (6] )
- +zB —ip aP +a +zﬂ +ip
=a, smh( 0 /2 {cosh[ 1 0 zj

+smh[a;n+a;z>+zﬁo+lﬂzﬂ

(43)



or equivalently,

(1) (2) (1) )
-a? +ip, —ip +a? +if, +ip,
a, smh[ L 0 2]exp( ZJ

4 4
=a, smh( (1) _al(Z):lﬂo iB, ]exp( (1) +0!1<2)2'lﬂ0 +if, j
(44)

factor

Eliminating the

(1) +a12) +if, +if,
exp 2

the hyperbolic sine functions yields that
@ _ 0
(a.+a'.)sinh(ujcosh(ﬂo ﬁzj
J J 4 4
@ _,0 ‘o s

=(a.—av.)COSh[Ol1 % jsinh(lﬁo lﬁz}

J J 4 4
that is,
a, +a/t h[al‘a;afl)j_tanh{ (ﬂo ﬂzﬂ (46)

aj—a

nonzero

}, and expanding

(45)

Since that tanh(iy) =itan y, we have

o —
a+a’t h( ;al Jzitanh(ﬁo ’sz (47)

Clj —a

Now we check the formula (47) carefully.
Since ", &, B, B, and a;, a,' are

all real, the right hand side of (47) is pure
imaginary while the left hand side is real.
Thus, both vanish, or p» = fo . In other
words, it is impossible to obtain a new solu-

tion from the solution iB,, ", «'® by the

formula (47). Therefore, the formulas (37)
and (38) (the Backlund transformation in the
references [3,4]) are trivial, by which no new
solutions will be produced.

Topics relating to the Backlund transforma-
tion and nonlinear superposition formulas for
nonlinear wave Equations are very active.
And, in literature, there are some further dis-
cussion based on the formulas (37) and (38)
(see [5-8,11,12], for instance). Therefore, the
discussion in this note is, of course, neces-
sary.
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