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Abstract: Quality control chart is an important tool for process monitoring and quality im-
provement. Several combined control charts have been proposed to enhance the detection ability 
in detecting small and large process parameter changes. However, two pairs of control limits and 
statistics on the control chart make the combined charts too complicated for the practitioners to 
use in practice. We have developed a single-featured EWMA-X (SFEWMA-X) control chart in 
previous study, which has the ability to monitor both large and small process shifts simultane-
ously using only one set of statistic and control limits. In this study, we presented an example to 
demonstrate the use of the SFEWMA-X chart, and performed the average run length (ARL) 
comparison between SFEWMA-X chart and the individual control charts to illustrate the detec-
tion ability of the SFEWMA-X chart. To facilitate the implementation of the proposed method in 
practice, we also introduced the algorithm for deriving optimal chart design tables. 
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1. Introduction 
 

The statistical control-chart concept was 
first proposed by Shewhart [1], and control 
charts developed according to this concept are 
called Shewhart control charts. Shewhart con-
trol charts have been widely used for decades. 
However, since Shewhart control charts use 
only the information contained in the current 
sample observation, they are not efficient in 
detecting small process parameter changes. 

Exponentially weighted moving average 
(EWMA) is an alternative to Shewhart chart 
when small process shifts are of interest. 
Roberts [2] first proposed EWMA control 
chart in the name of geometrical moving av-
erage (GMA).  Hunter [3] called GMA con-
trol chart the EWMA control chart. Several 
studies concluded that EWMA control chart 
provided greater sensitivity to small process 
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mean shifts [3-6], but it is insensitive to large 
process mean changes. 

In order to enhance the overall detection 
ability in detecting both small and large proc-
ess parameter changes, Lucas and Saccucci [5] 
suggested a combined Shewhart EWMA con-
trol chart. Woodall and Maragah [7] empha-
sized that a Shewhart chart should always be 
used in conjunction with the EWMA chart. 
Klein [8] evaluated a group of combined 
Shewhart-EWMA statistical schemes with 
simulation, and showed that the She-
whart-EWMA schemes have better detection 
ability than Shewhart-Run Rulers schemes. 
Tolley and English [9] presented a compari-
son between the cost performance of EWMA 
and the combined EWMA- X control chart 
schemes. Zhang et al. [10] proposed a new 
charting procedure, which called a composite 
EWMA (CEWMA) control chart, combining 
two or more Exponentially Weighted Moving 
Averages (EWMAs). Serel and Moskowitz 
[11] presented an EWMA cost minimization 
model which assists in designing the joint 
control scheme based on pure economic or 
both economic and statistical performance 
criteria. Hawkins and Deng [12] proposed two 
new combined charts with the simplicity 
characteristic, exhibiting significant perform-
ance advantages over the traditional control 
chart ( X and S chart). Sheu et al. [13] de-
signed a combined control chart scheme, con-
sisting of a two-sided generally weighted 
moving average mean chart and a two-sided 
GWMA variance chart.  Simões et al. [14] 
optimized the designs of the AEWMA and of 
the combined EWMA-Shewhart schemes 
with regard to pairs of shifts in the process 
mean.  

In many applications, the control chart is 
based on individual observations (n = 1). The 
Shewhart control chart for monitoring process 
standard deviation using individual observa-
tions is moving average (MR) control chart. 
Albin [15] compared the performance of 
process control procedures for individual ob-
servations that include combinations of the X 

chart, MR chart, EWMA chart, and runs rules. 
The Shewhart-X and EWMA charts with no 
run rules for individual observation process 
control were recommended. Reynolds and 
Stoumbos [16] investigated control chart 
schemes for detecting drifts in the process 
mean μ and/or process standard deviation σ 
when individual observations are sampled. 
They showed that the combinations of the X 
chart and EWMA charts detect slow-rate and 
moderate-rate drifts much faster than the 
combined X and MR chart. Reynolds and 
Stoumbos [17] investigated control charts for 
monitoring a process to detect changes in the 
mean and/or variance of a normal quality 
variable when an individual observation is 
taken at each sampling point. Stoumbos and 
Reynolds [18] showed that the Shewhart-X 
chart detects shifts in standard deviation faster 
than the MR chart.  

In this study, we extend our previous 
study [19], called a single featured EWMA-X 
(SFEWMA-X) control chart that combines 
the features of the EWMA and Shewhart-X 
control charts, to evaluate its performance for 
detecting process mean shifts and standard 
deviation changes. An example was presented 
to demonstrate the use of the SFEWMA-X 
chart. The average run length (ARL) com-
parison between SFEWMA-X chart and the 
individual control charts was performed to 
illustrate the detection ability of the 
SFEWMA-X chart. To facilitate the imple-
mentation of the SFEWMA-X chart, the algo-
rithm for deriving the optimal chart design 
tables was introduced. 

 
2. Proposed Method 
 
2.1 Overview of SFEWMA-X 
 

Let xi represent quality characteristic of 
ith individual observation. The center line (CL) 
and control limits (UCLx and LCLx) of the 
Shewhart-X control chart (subgroup size n=1) 
are as follows: 
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where μ0 is the mean of process, and XL  is a 
multiplier of the standard deviation σ. The ith 
statistic of EWMA control chart is defined as  
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where λ is a weighted parameter ( 10 ≤< λ ) 
and the starting value z0 is usually equal to 
process target μ0. The variance of zi is defined 
as 
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Thus, the center line (CL) and upper and 
lower control limits (UCLz and LCLz) of the 
EWMA are expressed as follows: 
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where Lz is a multiplier of EWMA standard 
deviation 

izσ . When λ=1, the EWMA con-
trol chart is equivalent to Shewhart-X control 
chart. Lz and λ are two parameters need to be 
set carefully. 

The proposed SFEWMA-X control chart 
is constructed by transforming the EWMA 
statistics into new statistics so that both She-
whart-X and EWMA control charts operate 
using the same magnitude of control limits. 
To transform the EWMA control limits into 
the same width as that in the Shewhart-X 
control chart, we multiply the time varying 
EWMA control width

izzL σ by Mi as  
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Mi can be represented as 
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Thus, the EWMA statistic zi is rescaled to the 
scale of the Shewhart-X chart and a new sta-
tistic mi is derived for the rescaled EWMA as 
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Instead of tracking two different statistics, 

mi and xi, a single-featured metric yi is deter-
mined by selecting xi or mi that has a rela-
tively larger distance from the center line; yi is 
defined as 
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where 0μ−= ix xd

i
 and 0μ−= im md

i
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When xi and mi have the same distance from 
the center line, either one of the value can be 
chosen. The center line (CL) and control lim-
its (UCLy and LCLy) of the proposed 
SFEWMA-X chart are expressed as  
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where Ly is the same value as Lx. Thus, once 
parameters Lx, Lz, and λ are determined, the 
proposed SFEWMA-X control chart can be 
constructed. Because the transformed EWMA 
control width has the same magnitude as the 
Shewhart-X control width, the SFEWMA-X 
control chart alarms if either the statistic mi or 
xi is beyond the Shewhart-X control limits. 
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2.2 SFEWMA-X control chart design 
 
Average run length (ARL) is a common per-
formance evaluation metric of control charts. 
ARL is the number of plotted points on the 
control chart before an out-of-control signal 
occurs. An in-control ARL (noted as ARL0) is 
the ARL when the process is in-control. An 
out-of-control ARL (noted as ARL1) is the 
ARL when the process is out-of-control. The 
optimal control chart design is to compare 

various chart designs with a common ARL0 
and then select the chart with the smallest 
ARL1. In general, the ARL for the Shewhart-X 
chart can be set using the cumulative standard 
normal distribution table. The ARL of EWMA 
control chart has been studied and proposed 
by many previous studies [4-6]. The ARL of 
SFEWMA-X control charts can be obtain 
from the ARL of EWMA and Shewhart-X 
control chart as  
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where ARLSFEWMA-X, ARLEWMA and ARLShewhart-X is the ARL of the SFEWMA-X, EWMA and 
Shewhart-X control charts respectively. Let αSFEWMA-X=(1/ARLSFEWMA-X), αEWMA= (1/ARLEWMA) 
and  αShewhart-X=(1/ARLShewhart-X), to show the changes of the intersection αEWMA and αShewhart-X, 
we simulate the ARL0 of SFEWMA-X control chart designed by combining EWMA and She-
whart-X control chart with the same ARL0=370. Table 1 and Figure 1 show that the intersection 
of αEWMA and αShewhart-X exists increasingly as the value of λ increases. Due to lack the informa-
tion of (1/ARLEWMA)∩(1/ARLShewhart-X), the ARL of SFEWMA-X control chart cannot be deter-
mined with Eq. (10). 

 
Table 1. The ARL0 of SFEWMA-X chart (ARL0 of EWMA chart =ARL0 of Shewhart-X chart=370) 
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Figure 1. αSFEWMA-X and intersection of αEWMA and αShewhart-X as the value of λ increases. 

(αEWMA=αShewhart-X=0.0027) 
 

Therefore, we can obtain the SFEWMA-X 
chart parameter combinations (λ, Lz and Lx) 
for a specified ARL0 using simulation proce-
dure as shown in Figure 2. Given a ARL0 and 
λ, we select an initial L value (noted as L0) 
within the range of (Lmax, Lmin), which are 
the upper and lower bounds, such that the 
value of SFEWMA-X statistics can be calcu-
lated using Eq. (6), (7) and (8). For a number 
of iterations (No_Of_Iteration), we draw a 
sample from standard normal distribution, and 
sequentially record the run length (ARL_temp) 
until a SFEWMA-X statistics yi is plotted out 
of control width. When ARL_temp is greater 
or less than the specified ARL0, we replace the 
Lmax or Lmin respectively, which reduces the 
width of searching bounds, and the search 
process restarts with a new initial value 
L0=L0+(Lmax-Lmin)/2. Meanwhile, if 
ARL_temp reaches the specified ARL0 close 
enough, the Lz for the given ARL0 is derived 
and the process stops. To facilitate the ex-
periment in this study, we summarized the 
optimal designd parameters for ARL0=250 
into table, as shown in table 2. 
 

3. Experiment 
 

In this section, an example was proposed 
to demonstrate the use of the SFEWMA-X 
chart, and a comparison between 
SFEWMA-X chart and the individual control 
charts was performed to illustrate the detec-
tion ability of SFEWMA-X chart. 

 
3.1 Example 
 

We adopted a set of simulation data [20] 
to illustrate the proposed SFEWMA-X chart 
in detection of process shift. As shown in Ta-
ble 3, xi represents the ith observation and zi is 
the statistic of EWMA.  The calculations of 
EWMA and SFEWMA-X control chart are 
shown from Column 3 to 8 in Table 3, in 
which UCLzi and LCLzi are the upper and 
lower control limits of EWMA; yi is the sta-
tistic of proposed SFEWMA-X statistic; 
UCLy and LCLy are the upper and lower con-
trol limits of yi respectively. Among the data, 
the first 10 data, drawn from the standard 
normal distribution, represent an in-control 
process, while the last 20 data, drawn from 
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N(0.5, 1), represent the process mean shifts 
δ=0.5. Given the minimal acceptable 
ARL0=250, and the process changes to be de-
tected quickly at δ=0.5 and σ1/σ0=1, the 
SFEWMA-X control chart is designed as fol-
lowing the proposed procedures. 
Step 1. Set the desired overall acceptable 

minimal ARL0=250. 
Step 2. Set the process mean and standard de-

viation changes to be detected quickly 
are δ=0.5 and σ1/σ0=1. 

Step 3. From Table 2, select the optimal con-
trol chart parameter combination Lx=3, 
Lz=2.7311 and λ=0.05.  

Step 4. Implement the SFEWMA-X control 
chart. 
 

 

 
 

Figure 2. Simulation procedures for obtaining the SFEWMA-X chart combinations 
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Table 2. The optimal parameter design for SFEWMA-X control chart (ARL0=250, and Lx=3) 

 
 

Figure 3(a) is the SFEWMA-X control 
chart and an out-of-control signal occurs at 
observation 27. Note that the SFEWMA-X 
control chart uses only one pair of control 
limits and one statistic, yi, while the original 
combined EWMA-X control chart, as shown 
in Figure 3(b), has two pairs of control limits 
and two statistics, xi and zi. The proposed 
method is obviously much clearer and neater 
in visual than the original EWMA-X control 
chart. 
 
3.2 Evaluation of SFEWMA-X control 

charts 
 

The purpose of this experiment is to 
compare the performance of SFEWMA-X 
control chart, EWMA control chart and She-
whart-X control chart at desired minimal 
ARL0=250. For a fair comparison, designing 
the control charts quickly detect δ=0.25 and 
σ1/σ0=1.5, we obtained the designed parame-
ters of SFEWMA-X control chart are λ=0.45 
and control width Lz=3.0355 as presented in 
Table 2. Following the procedure, shown in 
Figure 2, we obtained the designed parame-
ters of individual EWMA control chart with 
λ=0.5 and Lz=2.8511. Furthermore, since 
EWMA control chart is generally designed for 

the purposed of detecting only process mean 
shift, we had the design parameters of EWMA 
chart with λ=0.05 and Lz=2.3149 if taking no 
consideration of process standard deviation 
change. Meanwhile, the design parameter of 
Shewhart-X chart Lx=2.88 and relative ARL1 
were derived from cumulative standard nor-
mal distribution table.  

The comparative results of these four charts 
are shown in Table 4. When the change of 
process standard deviation were σ1/σ0 =1.5 
and 2, the SFEWMA-X chart had better de-
tection ability for the cases of process mean 
shifts from δ=0 to δ=3. When σ1/σ0 =1, the 
SFEWMA-X control chart also had better de-
tection ability in detecting process mean shifts 
for the case in which δ>2.25. When σ1/σ0=3, 
the ARL1s of SFEWMA-X and Shewhart-X 
chart had small difference in all the cases of 
process mean shifts, although Shewhart-X 
control chart had better ability in detecting 
most of the process mean shifts. In order to 
improve the detection ability for the cases of 
large process variation such as σ1/σ0=3, we 
may slightly decrease the value of Lz of 
SFEWMA-X control chart but this cause a 
little higher false alarm. Table 4 also showed 
that the detection ability of these four differ-
ent control charts decreases as the ratio of 
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process standard deviation (σ1/σ0) increases, 
while the detection ability increases as the 
process mean shift increases. For example, in 
Table 4, when the process mean shifted to δ=3, 
the detection abilities of these four control 
charts in the case of σ1/σ0>1 were smaller than 
that in the case of σ1/σ0=1. 

 
 
 
 
 

 

 
Table 3. Examples of an EWMA-X control scheme and a SFEWMA-X control scheme 
 
i xi zi UCLzi LCLzi yi UCLy LCLy 
1 -0.812 -0.0406  0.1366  -0.1366  -0.8919  3 -3 
2 -0.245 -0.0508  0.1884  -0.1884  -0.8094  3 -3 
3 1.134 0.0084  0.2251  -0.2251  1.1340  3 -3 
4 0.878   0.0519  0.2537  -0.2537  0.8780  3 -3 
5 0.221   0.0604  0.2770  -0.2770  0.6536  3 -3 
6 0.449   0.0798  0.2965  -0.2965  0.8073  3 -3 
7 -1.673  -0.0079 0.3130  -0.3130 -1.6730 3 -3 
8 -0.456 -0.0303 0.3272 -0.3272  -0.4560  3 -3 
9 1.363   0.0394  0.3395  -0.3395  1.3630  3 -3 
10 -1.343  -0.0297  0.3503  -0.3503  -1.3430  3 -3 
11 1.766   0.0601  0.3597  -0.3597  1.7660  3 -3 
12 -0.401  0.0370  0.3680  -0.3680  -0.4010  3 -3 
13 0.848 0.0776  0.3753  -0.3753  0.8480  3 -3 
14 1.863  0.1668 0.3818 -0.3818 1.8630 3 -3 
15 1.320   0.2245  0.3876  -0.3876  1.7378  3 -3 
16 -0.741  0.1762  0.3927  -0.3927  1.3463  3 -3 
17 0.707   0.2028  0.3973  -0.3973  1.5312  3 -3 
18 0.334 0.2093  0.4013  -0.4013  1.5646  3 -3 
19 1.525   0.2751  0.4050  -0.4050  2.0378  3 -3 
20 0.503   0.2865  0.4083  -0.4083  2.1053 3 -3 
21 0.430   0.2937 0.4112 -0.4112 2.1427  3 -3 
22 0.705   0.3142  0.4138  -0.4138  2.2782  3 -3 
23 -0.173 0.2899  0.4162 -0.4162  2.0897  3 -3 
24 1.986   0.3747  0.4183  -0.4183  2.6874  3 -3 
25 0.226   0.3673  0.4202  -0.4202  2.6222  3 -3 
26 0.528   0.3753  0.4219  -0.4219  2.6688 3 -3 
27 2.408   0.4769  0.4234  -0.4234  3.3792 3 -3 
28 0.905 0.4983 0.4248 -0.4248 3.5194 3 -3 
29 0.794 0.5131 0.4260 -0.4260 3.6133 3 -3 
30 1.704 0.5727 0.4271 -0.4271 4.0221 3 -3 
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(a) The example of SFEWMA-X scheme 

 

 
(b) The example of combined EWMA-X scheme 

 
Figure 3. Demonstration of proposed SFEWMA-X control chart 
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Table 4. A comparison of the ARL among SFEWMA-X, EWMA and Shewhart-X control chart 
    (ARL0 of SFEWMA-X, EWMA control chart and Shewhart-X control chart are 250) 

 
 
4. Conclusions 
 

 Quality control chart is a useful proc-
ess monitoring technique which can discover 
unusual variation in the process, and prevent 
producing defective products. Combined con-
trol charts have been proposed for monitoring 
both small and large process parameter 
changes; however, two pairs of control limits 
and statistics on the control chart make it too 
complicated to be broadly used in practice. In 
our previous study, we developed the 
SFEWMA-X control chart that incorporates 
Shewhart-X with EWMA control chart, such 
that it not only retains the detection power for 
small and large process parameter changes but 
also operates neatly and easily for practical 
use. An ARL comparison is presented to illus-
trate that the proposed method has excellent 
detection ability. The design and implement-

ing procedures of SFEWMA-X control chart 
were also introduced. To facilitate the use of 
the proposed method, we introduced the algo-
rithm for deriving optimal chart design tables, 
and illustrated the design procedures of the 
SFEWMA-X chart with a simple example. 
Since a large value of the SFEWMA-X pa-
rameter λ increases the probability that She-
whart-X and EWMA chart signal simultane-
ously. In order to avoid Shewhart-X and 
EWMA chart behave similarly, we suggest 
that the value of λ is set no more than 0.5 in 
practice. Since EWMA chart is sensitive to 
small process mean shifts and Shewhart-X 
chart is sensitive to both standard deviation 
changes and large process mean shifts, the 
proposed SFEWMA-X chart can help QC en-
gineers to analyze whether a small process 
mean shift or standard deviation change oc-
curs. However, what type of process parame-
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ter variation is crucial information to improve 
quality; it is worth a further study on this 
analysis of parameter changes. 
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