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Abstract: Kumar et al. (A new approach for solving fuzzy maximal flow problems; Lecture 
Notes in Computer Science, Springer-Verlag; Berlin Heidelberg, 5908, (2009) 278-286) pro-
posed a new algorithm for solving the fuzzy maximal flow problems. In the numerical example 
solved by Kumar et al., by using the proposed algorithm, there exist negative part in the obtained 
triangular fuzzy numbers which represents that the flow between two nodes may be negative. 
Although it is mathematically correct according to properties of ranking function. But in real life 
problems the negative quantity of the flow has no physical meaning. To overcome this short-
coming the algorithm, proposed by Kumar et al., is improved.  
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1. Introduction 
 
  The maximal flow problem is one of basic 
problems for combinatorial optimization in 
weighted directed graphs. It provides very 
useful models in a number of practical con-
texts including communication networks, oil 
pipeline systems and power systems. The 
maximal flow problem and its variations have 
wide range of applications and have been 
studied extensively. The maximal flow prob-
lem was proposed by Fulkerson and Dantzig 
(1955) [3] originally and solved by specializ-
ing the simplex method for the linear pro-
gramming, and Ford and Fulkerson (1956) [8] 
solved it by augmenting path algorithm. There 
are efficient algorithms to solve the crisp 
maximal flow problems (Ahuja et al. (1993) 
[1], Bazarra et al. (1990)) [2]. 
  In the real life situations there always exist 
uncertainty about the parameters (e.g.: costs, 
capacities and demands) of maximal flow 

problems. To deal with such type of problems, 
the parameters of maximal flow problems are 
represented by fuzzy numbers (Zadeh (1965)) 
[8] and maximal flow problems with fuzzy 
parameters are known as fuzzy maximal flow 
problems. In the literature, the numbers of 
papers dealing with fuzzy maximal flow 
problems are less (Chanas and Kolodziejczyk 
(1982, 1984, 1986)) [4-6]. The paper by Kim 
and Roush (1982) [13] is one of the first on 
this subject. The authors developed the fuzzy 
flow theory, presenting the conditions to ob-
tain a optimal flow, by means of definitions 
on fuzzy matrices. But there were Chanas and 
Kolodziejczyk (1982,1984,1986) [4-6] who 
introduced the main works in the literature 
involving this subject. They approached this 
problem using the minimum cuts technique.  
  In the first paper, Chanas and Kolod-
ziejczyk (1982) [4] presented an algorithm for 
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a graph with crisp structure and fuzzy capaci-
ties, i.e., the arcs have a membership function 
associated in their flow. This problem was 
studied by Chanas and Kolodzijczyk (1984) 
[5] again, in this paper the flow is a real 
number and the capacities have upper and 
lower bounds with a satisfaction function. 
Chanas and Kolodzijczyk (1986) [6] had also 
studied the integer flow and proposed an al-
gorithm. Chanas et al. (1995) [3] studied the 
maximum flow problem when the underlying 
associated structure is not well defined and 
must be modeled as a fuzzy graph. Diamond 
(2001) [7] developed interval-valued versions 
of the max-flow min cut theorem and 
Karp-Edmonds algorithm and provide ro-
bustness estimates for flows in networks in an 
imprecise or uncertain environment. These 
results are extended to networks with fuzzy 
capacities and flows. 
  Liu and Kao (2004) [16] investigated the 
network flow problems in that the arc lengths 
of the network are fuzzy numbers. Ji et al. 
(2006) [11] considered a generalized fuzzy 
version of maximum flow problem, in which 
arc capacities are fuzzy variables. Hernandes 
et al. (2007) [10] proposed an algorithm, 
based on the classic algorithm of 
Ford-Fulkerson. The algorithm uses the tech-
nique of the incremental graph and represent-
ing all the parameters as fuzzy numbers. 
Kumar et al. (2009) [14] proposed a new al-
gorithm to find fuzzy maximal flow between 
source and sink by using ranking function. 
  In this paper the shortcomings of the exist-
ing algorithms (Kumar et al. (2009)) [14] are 
pointed out and to overcome these shortcom-
ings an improved algorithm is introduced for 
solving the fuzzy maximal flow problems. 
  This paper is organized as follows: In Sec-
tion 2, some basic definitions and ranking 
function are reviewed. In Section 3, the 
shortcomings of the existing algorithm 
(Kumar et al. (2009)) [14] are pointed out. In 
Section 4, the arithmetic operations of trian-
gular fuzzy numbers are reviewed. In Section 
5, an improved algorithm is proposed for 

solving the fuzzy maximal flow problems. In 
Section 6, to illustrate the improved algorithm 
and to point out the shortcomings of the ex-
isting algorithm (Kumar et al. (2009)) [14] a 
numerical example is solved. The obtained 
results are discussed in Section 7. The con-
clusions are discussed in Section 8. 
 
2. Preliminaries  
 

In this section, some basic definitions and 
ranking function are presented. 
 
2.1. Basic Definitions 
 

In this subsection, some basic definitions 
are presented (Kaufmann and Gupta (1985)). 
Definition 1: The characteristic function Aμ  
of a crisp set XA⊆  assigns a value either 0 
or 1 to each member in X . This function can 
be generalized to a function A~μ  such that the 
value assigned to the element of the universal 
set X  fall within a specified range ]1 ,0[  i.e. 

]1 ,0[:~ →XAμ . The assigned values indicate 
the membership grade of the element in the 
set .A   

The function A~μ  is called the membership 

function and the set }:))(,{(~
~ XxxxA A ∈= μ  

defined by A~μ   for each Xx∈  is called a 
fuzzy set.  
Definition 2: A fuzzy number A~  is said to 
be a non-negative fuzzy number if and only if 

.0  ,0)(~ <∀= xxAμ  

Definition 3: A fuzzy number ),,(~ cbaA =  is 
said to be a triangular fuzzy number if its 
membership function is given by 
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Definition 4: A triangular fuzzy number 
),,(~ cbaA =  is said to be non-negative trian-

gular fuzzy number if and only if .0≥a  
Definition 5: A triangular fuzzy number 

),,(~ cbaA =  is said to be zero triangular 
fuzzy number if and only if 

.0 ,0 ,0 === cba  
 
2.2. Ranking Function  
 

An efficient approach for comparing the 
fuzzy numbers is by the use of ranking func-
tion (Liou and Wang (1992)). A ranking func-
tionℜ : F(R) →  R, where F(R) is set of all 
fuzzy numbers defined on set of real numbers, 
which maps each fuzzy number into a real 
number. 

Let A~  and B~  be two fuzzy numbers, 
then BAi ~~  )( f if )~()~( BA ℜ>ℜ  BAii ~~  )( p if 

)~()~( BA ℜ<ℜ  BAiii ~~  )( ≈  if )~()~( BA ℜ=ℜ  
For a triangular fuzzy number ),,(~ cbaA =  
ranking function ℜ  is given by 

)2(
4
1)~( cbaA ++=ℜ . 

 
3. Shortcomings of the existing algorithm 
 

Kumar et al. (2009) [14] proposed a new 
algorithm to find the fuzzy maximal flow 
between source and sink by using ranking 
function and representing the flow between 
nodes as triangular fuzzy numbers. In the 
numerical example solved by Kumar et al. 
(2009), by using the proposed algorithm, 
there exist negative part in the obtained tri-
angular fuzzy numbers which represents that 
the flow between two nodes may be negative. 
Although it is mathematically correct accord-
ing to properties of ranking function. But in 
real life problems the negative quantity of the 
flow has no physical meaning.  

For example in the optimal network Kumar 
et al. (2009) the flow from node 1 to node 3, 
from node 2 to node 5 and from node 5 to 

node 2 are triangular fuzzy num-
bers )50,0,50(− , )55,10,35(−  and 

)60,20,20(−  respectively. Since 
)50,0,50(−ℜ  is zero and 

)60,20,20( ),55,10,35( −ℜ−ℜ are positive so 
according to properties of ranking functions 
these flows are non-negative fuzzy numbers. 
But there exist negative part in all the ob-
tained triangular fuzzy numbers, which 
represents that the flow between these nodes 
may be negative. But the negative quantity of 
flow has no physical meaning. 
 
4. Arithmetic operations of triangular fuzzy 

numbers 
 

In the existing algorithm (Kumar et al. 
(2009)) the following arithmetic operations 
are used:  

Let ),,(~
111 cbaA =  and ),,(~

222 cbaB =  
be two triangular fuzzy numbers then 
(i) ) , ,(~~

212121 ccbbaaBA +++=⊕  

(ii) A~ӨB~ ) , ,( 212121 acbbca −−−=  

(iii)
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To overcome the shortcomings, pointed out 
in Section 3, the subtraction operation, used in 
existing algorithm (Kumar et al. (2009)), is 
replaced by the following operation (Soltani 
and Haji (2007)): 

Let ),,(~
111 cbaA =  and ),,(~

222 cbaB =  
be two triangular fuzzy numbers then  
A~ӨB~ ),,( cba= ,  
where, 
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5. Improved algorithm  
 

In this section, the existing algorithm 
(Kumar et al. (2009)) [14] is improved for 
solving the fuzzy maximal flow problems.  

The improved algorithm is a labeling tech-
nique. Since improved algorithm is direct ex-
tension of existing algorithm (Taha (2003)) 
[18], so it is very easy to understand and ap-
ply for solving fuzzy maximal problems oc-
curring in real life situations. 

The fuzzy maximal flow algorithm is based 
on finding breakthrough paths with net posi-
tive flow between the source and sink nodes. 
Consider arc ),( ji  with initial fuzzy capaci-
ties )~ ~( jiij c f,c f . As portions of these fuzzy 
capacities are committed to the flow in the arc, 
the fuzzy residuals (or remaining fuzzy ca-
pacities) of the arc are updated. We use the 
notation )~,~( jiij cfcf  to represent these fuzzy 
residuals. 

For a node j that receives flow from node i , 
we attach a label ],~[ iaf j , where jaf~  is the 
fuzzy flow from node i  to j. The steps of the 
algorithm are thus summarized as follows: 
 
Step 1. For all arcs ),( ji , set the residual 
fuzzy capacity equal to the initial fuzzy ca-
pacity i.e., )~,~( jiij cfcf = ) ~, ~( jiij cfcf . Let 

∞= ~~
1af  and label source 1 with ],~[ −∞ . Set 

,1=i  and go to step 2. 
 
Step 2. Determine iS , the set of unlabeled 
nodes j  that can be reached directly from 
node i  by arcs with positive residuals (i.e., 

ijcf~  is a non-negative fuzzy number for all 

iSj∈ ). If  φ≠iS , go to step 3. Otherwise, 
go to step 4. 
 
Step 3.  Determine iSk ∈ such that  

)~()}~({maximum ikijSj
cfcf

i

ℜ=ℜ
∈

 

Set ikk cfaf ~~
=  and label node k  with 

].,~[ iaf k  If nk = , the sink node has been 
labeled, and a breakthrough path is found, go 
to step 5. Otherwise, set ki = , and go to step 
2. 
 
Step 4. (Backtracking). If ,1=i  no break-
through is possible; go to step 6. Otherwise, 
let r  be the node that has been labeled im-
mediately before current node i  and remove 
i  from the set of nodes adjacent to .r  Set 

,ri =  and go to step 2. 
 
Step 5. (Determination of residuals). Let 

),,,,1( 21 nkkN p K=  define the nodes of the 
thp  breakthrough path from source node 1 to 

sink node n. Then the maximal flow along the 
path is computed as 

}~,,~,~,~{minimum~
211 nkkp afafafaff K=  

The residual capacity of each arc along the 
breakthrough path is decreased by pf~  in the 

direction of the flow and increased by pf~  in 
the reverse direction i.e., for nodes i  and j  
on the path, the residual flow is changed from 
the current )~,~( jiij cfcf  to 

(a) ijcf~(  Ө )~~,~
pjip fcff ⊕  if the flow is 

from i  to j  
(b) ijcf~( jip cff ~,~

⊕  Ө )~
pf if the flow is from 

j  to i  
Reinstate any nodes that were removed in 

step 4. Set 1=i , and return to step 2 to at-
tempt a new breakthrough path. 
 

Step 6. (Solution). Given that m  break-
through paths have been determined, the 
fuzzy maximal flow in the network is 

mfffF ~~~~
21 ⊕⊕⊕= K where m  is the 

number  of iteration to get no breakthrough. 
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6. Illustrative example  
 

In this section the improved algorithm is 
illustrated by solving a numerical example. 
Example 1. Consider the network shown in 
Figure 1. The bidirectional fuzzy capacities 
are shown on the respective arcs. For example, 
for arc )4,3(  the flow limit is approximately  

10  say )15,10,5(  units from node 3  to 4  
and approximately 5  say )10,5,0(  units 
from node 4  to 3 . Determine the fuzzy 
maximal flow in this network between source 
1 and sink 5 . 

 

 
 
 
 
 
 
 
 
 
 
 

Figure 1. A network for the maximal flow problem with fuzzy arc lengths  
The algorithm is applied in the following 

manner: 
Iteration 1. Set the initial residuals 

)~,~( jiij cfcf  equal to the initial capacities 

) ~, ~( jiij cfcf . 

Step 1. Set ),,(~
1 ∞∞∞=af and label node 1 

with ]),,,[( −∞∞∞ . Set .1=i  
Step 2. )( }4 ,3 ,2{1 φ≠=S . 
Step 3. ,3=k  because 

)~()}~(  ),~(  ),~({maximum 13141312 cfcfcfcf ℜ=ℜℜℜ
 i.e., 30}10 ,30 ,20{maximum = . Set 

),45 ,30 ,15(~~
133 == cfaf  and label node 3 

with ]1 ),45 ,30 ,15[( . Set ,3=i  and repeat 
step 2. 
Step 4. }.5 ,4{3 =S  
Step 5. 5=k , because 

).~(} )~(  ),~( {maximum 353534 cfcfcf ℜ=ℜℜ  Set  

355
~~ cfaf =  )30 ,20 ,10(= , and label node 5 

with ]3 )],30 ,20 ,10[( . Breakthrough is 
achieved. Go to step 5. 
Step 6. The breakthrough path is determined 
from the labels starting at node 5 and moving 
backward to node 1 and the breakthrough path 
is 531 →→ . Thus  1N  }5 ,3 ,1{=  and 

  ), , ,{(minimum}~ ,~ ,~{minimum~
5311 ∞∞∞== afafaff

  ),45 ,30 ,15( )30 ,20 ,10()}30 ,20 ,10( = . The 
residual capacities along path 1N  are  

( )45,30,15()~,~( 3113 =cfcf Ө
) ( ))30,20,10(),15,10,5()30,20,10()0,0,0(),30,20,10( =⊕

( )30,20,10()~,~( 5335 =cfcf Ө
) ( ))30,20,10(),0,0,0()30,20,10()0,0,0(),30,20,10( =⊕

  

 
 

(0,0,0)  

(0,0,0) 

(5,10,15)  

(0,0,0)  

(0,0,0) 

(5,10,15) 

(10,20,30) 

(15,30,45) 

(0,0,0) 

(0,5,10) 

(10,20,30) 

(25,30,35) 

(30,40,50) 

(10, 20,30) 

(0,0,0) 

(0,0,0) 

2

1

4

3

5



Amit Kumar and Manjot Kaur 

24    Int. J. Appl. Sci. Eng., 2012. 10, 1 

 
Figure 2. Obtained network after iteration 1 

 
Iteration 2. Repeating the procedure described in the first iteration, at the starting node 1, the 

obtained breakthrough path is 54321 →→→→  and )15,10,5(~
2 =f . 

 
Figure 3. Obtained network after iteration 2 

 
Iteration 3. The obtained breakthrough path is 521 →→  and )15,10,5(~

3 =f . 

 
Figure 4. Obtained network after iteration 3 

 
Iteration 5. The obtained breakthrough path is 541 →→  and ).15,10,5(~

5 =f  
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Figure 5. Obtained network after iteration 4 

 

 
Figure 6. Obtained network after iteration 5 

 
More iterations are not possible after 5th iteration because there is no way out to reach at sink 

from source. The fuzzy maximal flow is: 

)90,60,30(                                         

)15,10,5()15,10,5()15,10,5()15,10,5()30,20,10(~~~~~~
54321

=

⊕⊕⊕⊕=⊕⊕⊕⊕= fffffF
 

 
Figure 7. No breakthrough path 

 
7. Result and discussion 
    

The obtained result can be explained as 

follow: 
1) The amount of flow between source and 
sink is greater than 30 and less than 90 units. 
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2) Maximum number of persons are in favour 
that amount of flow will be 60 units. 
3) The percentage of favourness for remaining 
flow can be obtained as follow: 

Let x  represents the amount of flow, then 
the percentage of the favourness for 

100)(~ ×= xx Fμ  where, 

⎪
⎪

⎩

⎪
⎪

⎨

⎧

≤≤
−

=

≤≤
−

=

9060         ,
30

)90(
60              ,      1      

6030         ,
30

)30(

)(~

xx
x

xx

xFμ  

As discussed in Section 3, in the optimal 
network optimal network obtained by using 
the existing algorithm (Kumar et al. (2009)), 
shown in Figure 8, the flow from node 1 to 
node 3, from node 2 to node 5 and from node 
5 to node 2 are triangular fuzzy num-
bers )50,0,50(− , )55,10,35(−  and 

)60,20,20(−  respectively. Since 
)50,0,50(−ℜ  is zero and 

)60,20,20( ),55,10,35( −ℜ−ℜ are positive so 
according to properties of ranking functions 
these flows are non-negative fuzzy numbers. 
However, there exists negative part in all the 
obtained triangular fuzzy numbers, which 
represents that the flow between these nodes 
may be negative. But the negative quantity of 
flow has no physical meaning. While it is ob-
vious from the optimal network, shown in 
Figure 7, obtained by using the improved al-
gorithm there doesn’t exist any negative part 
in any flow i.e., by using the improved algo-
rithm all the shortcomings of the existing al-
gorithm, pointed out in Section 3, are re-
moved. 

 

 

 
Figure 8. No breakthrough path (Kumar et al 2009) 

 
Acknowledgement 
 

The authors would like to thank to the Edi-
tor-in-Chief and anonymous referees for 
various suggestions which have led to an im-
provement in both the quality and clarity of 
the paper. First author want to acknowledge 
the adolescent inner blessings of Mehar. He 
believe that Mehar is an angel for him and 
without Mehar’s blessing it was not possible 
to think the idea proposed in this paper. Me-

har is a lovely daughter of Parmpreet Kaur 
(Research Scholar under his supervision). The 
authors also acknowledge the financial sup-
port given by the University Grant Commis-
sion, Govt. of India for completing the Major 
Research. Project (39-40/2010(SR)). 
 
References 
 
[ 1] Ahuja, R. K., Magnanti, T. L., and Orlin, 

J. B. 1993. “Network flows, theory, algo-



Ranking Generalized Fuzzy Numbers using Area, Mode, Spreads and Weights 
 

Int. J. Appl. Sci. Eng., 2012. 10, 1    27 

rithms and applications”. Prentice Hall; 
New Jersey. 

[ 2] Bazarra, M. S., Jarvis J. J., and Sherali, 
H. D. 1990. “Linear programming and 
network flows, 2nd edition; Wiley”. New 
York.  

[ 3] Chanas, S., Delgado, M., Verdegay, J. L., 
and Vila, M. 1995. Fuzzy optimal flow 
on imprecise structures. European Jour-
nal of Operational Research, 83, 2: 
568-580. 

[ 4] Chanas, S., Kolodziejczyk, W. 1982. 
Maximum flow in a network with fuzzy 
arc capacities. Fuzzy Sets and Systems, 8, 
2: 165-173. 

[ 5] Chanas, S., Kolodziejczyk, W. 1984. 
Real-valued flows in a network with 
fuzzy arc capacities. Fuzzy Sets and Sys-
tems, 13, 2: 139-151. 

[ 6] Chanas, S., Kolodziejczyk, W. 1986. In-
teger flows in network with fuzzy capac-
ity constraints. Networks, 16: 17-31. 

[ 7] Diamond A. 2001. A fuzzy max-flow 
min-cut theorem. Fuzzy Sets and Systems, 
119, 1: 139-148. 

[ 8] Ford, L. R. and Fulkerson, D. R. 1956. 
Maximal flow through a network. Cana-
dian Journal of Mathematics, 8: 
399-404. 

[ 9] Fulkerson, D. R. and Dantzig, G. B. 1955. 
Computation of maximum flow in net-
work. Naval Research Logisics Quar-
terly, 2: 277-283. 

[10] Hernandes, F., Lamata, M. T., Takahashi, 
M. T., Yamakami, A., and Verdegay, J. L. 
2007. An algorithm for the fuzzy maxi-
mum flow problem. IEEE International 
Fuzzy Systems Conference 1-6. 

[11] Ji, X., Yang L., and Shao, Zhen. 2006. 
Chance constrained maximum flow 
problem with arc capacities. “Lecture 
Notes in Computer Science”. Springer- 
Verlag; Berlin, Heidelberg, 4114: 11-19. 

[12] Kaufmann, A., Gupta, M. M. 1985. “In-
troduction to fuzzy arithmetic theory and 
applications”. Van Nostrand Reinhold; 
New York. 

[13] Kim, K., Roush, F. 1982. Fuzzy flows on 
network. Fuzzy Sets and Systems, 8, 1: 
35-38. 

[14] Kumar, A., Bhatia, N., and Kaur, M. 
2009. A new approach for solving fuzzy 
maximal flow problems. “Lecture Notes 
in Computer Science”. Springer-Verlag; 
Berlin, Heidelberg, 5908: 278-286. 

[15] Liou, T. S. and Wang, M. J. 1992. Rank-
ing fuzzy numbers with integral value. 
Fuzzy Sets and Systems, 50, 3: 247-255. 

[16] Liu, S. T. and Kao, C. 2004. Network 
flow problems with fuzzy are lengths. 
IEEE Transactions on Systems, Man and 
Cybernetics, 34, 1: 765-769. 

[17] Soltani, A. and Haji, R. 2007. A project 
scheduling method based on fuzzy theory. 
Journal of Industrial and Systems Engi-
neering, 1, 1: 70-80. 

[18] Taha, H. A. 2003. “Operational research: 
an introduction”. Prentice-Hall; New 
Jersey. 

[19] Zadeh, L. A. 1965. Fuzzy sets. Informa-
tion and Control, 8, 3: 338-353. 


