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Abstract: In this paper, a class of third order singularly perturbed boundary value problems with
suitable boundary conditions is considered. The third order boundary value problem is
transformed to asymptotically equivalent second order boundary value problem. This problem
is solved efficiently by using fitted Numerov method. Linear and non-linear examples are
solved to illustrate the method and relative errors with L, -norms are presented to support the

method.
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1. Introduction

The numerical methods for second-order
singularly perturbed differential equations
have been extensively analysed in the last
twenty years, whereas only few results on
higher-order problems are found in the
literature. Analytical treatment for
higher-order non-linear ordinary differential
equations, which have important
applications in Fluid Dynamics, are
available in [1-5]. The classification of
singularly perturbed higher-order problems
depends on how the order of the original
differential operator is affected if one sets
& =0. When the order is reduced by one,
we say the problem is of
convection-diffusion type and of a
reaction-diffusion type if the order is
reduced by two. Here ¢ is a small
positive parameter multiplying the highest
derivative of the differential equation.

In the literature only very few works have
been reported for higher order problems.

Howes [4] has considered a class of third
order singular perturbation problems and
discussed  existence and  asymptotic
behaviour of the solution. An iterative
method for higher order problems is
discussed in [3]. A. Ramesh babu and N.
Ramanujam [8] considered singularly
perturbed boundary value problems for third
and fourth order ordinary differential
equations with discontinuous source term
and a small positive parameter multiplying
the highest derivative and presented a
computational method named as an
asymptotic finite element method for
solving these systems.

In this paper, a class of third order
singularly  perturbed boundary  value
problems with suitable boundary conditions
is considered. The third order boundary
value  problem is transformed to
asymptotically equivalent second order
boundary value problem.
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This problem is solved efficiently by
using fitted Numerov method. Linear and
non-linear examples are solved to illustrate
the method and relative errors with
L, -norms are presented to support the

method.
2. Description of the method

We consider a third order boundary value
problem of the type

2_m

ey =)y +g(x,p), a<x<b, )
v(a,e)=A4, y'(a,e)=C, y(b,e)=B
where f(y) and g(x, y) have a sufficient
number of continues derivatives and & 1is
small positive constant. Since & 1is small,
in order to study the behavior of solutions of

(1) as € > 0", we should first examine the
solution of the corresponding reduced
problem

SO +8(x,»)=0, a<x<b, ya)=4 (2)

Let y,(x)be the smooth solution of this
problem and that y (x) is stable in the
sense that f(y,(x))=m?* >0 in[a, b] for a
positive constant m. This function y,(x) 1is

our candidate for an approximate solution of
the problem (1).

We now proceed to replace (1) with an
asymptotically equivalent second order
problem.

We write the problem (1) as

2. .m

&y :[F(J’)] +g(x, yo(x)) (3)
We integrate this equation to obtain the
corresponding second-order problem

&Y' =F(»)+G(x)=H(x,y), a<x<b,
y’(a’ 8) =C, y(b’ 8) =B,
where G(x) Is an
of g(x, y,(x)) .

In order to ensure that y,(x) is a

4)

antiderivative

solution of the reduced equation,
H(x,3,(x) = F(,(x) + G(x) =0, ¢ o
problem (3), we choose F and G so that
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F(A)+G(a)=0, thatis, G(x) =—F(y,(x))

and so H(x, (%)) = F(y) = F(py(x)).

In terms of the function H, we have (by
assumption) that
OH (x, Vo (x))
oy

H(x,y,(x))=0 and = f(y,(x))= m* > 0in[a,b]

If in addition, we have that

M:f(y)z,nz > for all values of y
oy
between y(b) and B, then it is known [5, part
I]) that the problem (3) has a solution
Y=Y(%8) for each sufficiently small €.
This problem exhibits two layers at x = a
and x =b.
Using quasilinarization equation (3) can
be written in the form

—&7y"+b(x)y(x) = f(x);
with boundary conditions
y(0)=o and y()=p
Assume b(x) > 0 for xe€[0,1] . This
problem exhibits two layers at x = 0 and x =
1.
The solution of the reduced problem is
X
b(x)
which does not satisfy both the boundary
conditions. The solution of (5) will be of
the form
V(X)) = yy + vy + W, (7)
where v, is the left boundary layer function

xe[0,1]  (5)

Yo(x) =

(or solution) and w, is the right boundary
layer function (or solution).
vo,wo satisfy the differential equations

ng(f) +b(0),(1)=0;  7€(0,00) (8)
T
m ne(0,2) (9)

an’ +b(w, (1) =0;

with vy (7 = 0)+wy( = V) =@ = ,(0)
vo(@ = V)4 w, (7 =0) = B=y,(1)

V(7 =0) =w, (1 =0) =0
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- X _U—@/
Where r—é and n = .
Solutions of (8) and (9) are given by

vo(1) = Ae VPO (10)
w, (17) = Be """ (11)

Therefore, solution of (5) becomes
O Vb1

———(l-x)

y(x)=y,(x)+4e ¢ +Be * (12)
where 4 and B are given by
(5 -3, 0)- -y, )
_B=y,(D)-(a—y,(0))e ¢
A= ) (13)
1-e €
(=30~ (-,
o=y, (0)=(B-y,(D)e ¢
S N HAT) (14)
1-e €

Now we describe the fitted Numerov
method for solving the differential equations
of the form (5) as follows:

We rewrite the differential equation
—&7y" +b(x)y(x) = f(x) as

2..n

£"y"(x) = g(x,y) whereg(x,y)=b(x)y(x) - f(x)

We divide the interval [0, 1] into N equal
parts with constant mesh length h. Let
0=2xq,X,X e ,xy =1 be the mesh points.

Then we have x;, =ih;i=0,1...N . We

choose 7 such that, _1.

2
{0 1 }the boundary layer will be in the left hand

2

In the interval

side i.e., at x =0 and in the interval [ % ’1} the
boundary layer will be in the right hand side
Le.,at x=1.

At x=x,the above differential equation
can be written as
e?y/(x) = g(x,, ;) whereg(x,,y,) =b(x)y(x;) - f(x,)
By Numerov method, we have

2| Vi _2yi Vi | 1
3 [lhzl]—lz(g,-l +10gi +gi+l)
ez(yl_zm]=ll (b, yiy = [ +10b,y,

/s 2
=101, 46,y — fin )

V=24V |1
8{#)—1—2 (bl_flyl.f1 +10b,y, + b[+1yi+l)
-1
= +10f 4 £0) (19)

1
In the interval [0,5}, we introduce a

fitting factor o in the above difference
scheme since the boundary layer is at x = 0
as:

820’[%]_2}’%} —i (bi—lyi—l +1 Obiyi +bi+lyi+l )

—(f10f4£,)  (16)

for i=12..n1

To find o on the left boundary layer we
use the asymptotic solution

REUM

vo(x)=y,=de ¢ (17)
and A is given by (13). We assume that
solution converges uniformly to the solution
of (5), then f,_, +10f; + f,,, 1s bounded.

As h— 0 equation (12) becomes

. b(0) ..
HmZ 0 -20 450 = 2D Him 6oy +109, 4 3,.,) (18)
>0 P 12 %50

where p :ﬁ Substituting (17) in (18) and
£

simplifying, we get the fitting factor as

o pzb(O)(em” +e VPO +10) (19)
48Sinh{b(0)pJ
2

which is a constant fitting factor.

Substituting the fitting factor (19) in (16),
we have the three term recurrence relation as
Ly ]1=H,  for i=12..n-1 (20)
where the difference operator L,[y,] given

by Lh[yi] = Eiyi—l_F;'yi +Giyi+] .
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Here

_&o _b.

TR 12
22

F - 6204_&@
h 12
_&0_bu
o112

1
H, = (f +10f,+ £1,)

Similarly, for the boundary layer at the right
hand side, 1e., at x=1. We introduce a

fitting factor o; in the difference scheme
(15) as

=2+, 1
gz‘jl(yllhyzlymj_u (bi—lyi—l +100,y, +bi+1yi+1)

-1
:E(fi_l +10f, +fi+1)(21)

fori=n+1,n+2,....N-1
To find o on the right boundary layer
we use the asymptotic solution

IO
Wy(x,)=y, =Be * (22)
where B i1s given by (14). Assume that
solution converges uniformly to the solution
of (5), then f, , +10f; + f,,, 1s bounded.

As h— 0 equation (21) becomes

. © b(Q) . 23
lim %(yi-l -2y; +yi+]):% lim (vi—1 +10y; +yi+])( )
h—>0p h—0
h
where p=—
&

Substituting (22) in (23) and simplifying,
we get the fitting factor as
_ e 4 e 1) (24)

48 Sinh* [b(l)p}
2

which is a constant fitting factor.

From (21), we have the three term
recurrence relation as
L,y]1=H,, fori=n+ln+2,.. N-1 (25)

Here the difference operator L,[y,]

givenby L,[y,]=Ey, —Fy,+Gy

i+]
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Where
_go, by
R 12
2 2
- szo',+&bi
h 12
_&o _bu
R 12

-1
H, :E(ﬁ—l +10f, +fi+l)
Note that the value of , - y(x = lj 1s
n 2

obtained by the solution of the reduced
problem.

We solve the tridiagonal system given by
(20) and (25) along with the value of

Y, = y( Y= 1) by Thomas algorithm.
2

Remark: When b(0) = b(1), both the fitting
factors become equal and the constant fitting
factor is
o pzb(O)(e PO 4 PO +1o)

b(0)p
2

48Sinh2(

Since b(x) > 0, the difference operator L,
in (20) and (25) is positive type and hence
there exists a unique solution for each set of
given data and for eache > 0,42 >0. That is,

the difference operator L, of the form
Ly1=Ey, \—Fy +Gy.,
following:

(1) E,>0, G, >0foralli,and

(i) E,-F, +G, <Oforalli.
With this restriction on b(x), L, satisfies
a discrete maximum principle.

satisfies the

3. Truncation error

From the finite differences, we have

Yia =2V + Vin _ n h* y@ +i

. © (26
E AR 3607 29
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which is a Numerov finite difference scheme

y h*
and y!, =2y/+yl, =h’y" + 12 —»" Q@7 for the differential equation y" = g(x, y).

dividing equation (27) by 12, adding and The equation (28) can be written as
: " . 2
subtracting y; to it, we get Oy _Yia—2y tVin h 6
yi + 2 24 yl

y7+yi”-1 =2y + ¥l — )+ n’ LION h* 2o (28) 12 h 0

1 12 27 T 1447 5 \

From equations (26) and (28), we have y!= i —+ h y o (D)
y,+yl1—2yi”+y£1 NS s U0 S 2 yo (29) hz(l £ 2 J 240

’ 12 1447 n’ 360" 12

This equation can be written as

Vi _2)’,-"‘)/,4 1 4
% - E(gH +10g, +gM)_TOy’6) (30)

If we substitute (31) in differential equationg’y” = g(x, ), we have the difference scheme

2 y'—] _2y +y'+] 1 _1 826h4 6)
e“o| — | ——\b, v, +10b,y, +b. ., y..,)=—\f_, +10f. + f..,)— .
( E ] 12( i1 i i Vi 1+]y1+]) 12 (fz—l /i f1+1) 240 Vi
Here 6%y, =y, =2y, + Y.,
: 5y, *h?
Hence the fitted Numerov method for & = g(x,y) is ga—yisz:g(x, y)—dzTO @
R 1+ ——
12

X; ] SXSX;4

and the truncation error in the method is |r,|< max { 520 ‘ © (x )‘}

4. Numerical experiments

In this section we present two linear and one non-linear singularly perturbed third order
boundary value problems to illustrate the method described in this paper. We presented the

relative errors with L,-norm and compared with the relative errors with L, -norm by the
classical finite difference method to support the method for different values ofe .

Example 1. Consider the boundary value problem [9]

2_.m

e y"=y'—xy with y(0)=y'(0)=y(1) =1
The uniform asymptotic solution of the problem is given by

Eal 4 3y? X
J’(X):ez{l+g+62(% ;C —ge ¢ +

—(-x)

2 2
e ¢ {(\/Z—1{%+%—%)+g(—9\/_—3+3x+x\/2)/8—784*/2

The relative errors with L, -norm are presented in table 1.

Example 2. Consider the boundary value problem
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g’y"=m’y'—y with y(0)=1,y'(0)=1, y(1) =1 with m = 2
The asymptotic solution of the problem is given by [4]

m(l-x)

y(x,€) ~ ¥, (x) + 0(e|yg (0>|e‘8} + O(m M-l *

mx

]+0(82)

where y,(x) = e’ is the solution of the reduced problem.
The relative errors with L, -norm are presented in table 2 and the relative errors with L, -norm
by classical finite difference method are presented table 3 for comparison.

Example 3. Consider the non-linear boundary value problem

e’y" =2yy" with »(0)=1,y'(0)=1,y(1)=2
The solution of the problem is given by [5]
_y(-x)

y(x,e)~1 +O(e ¢

] for a constant ¥ in (0, NGO )

The relative errors with L, -norm are presented in table 4.

Table 1. The relative errors with L, -norm of example (1)

2 27 27 27 2 27 27"
g’ 27
73 7.92(-2) [ 8.19(-2) | 8.07(-2) | 7.99(-2) |7.95(2) | 7.92(-2) | 7.91(-2) | 7.90(-2)
n4 1.03(-1) | 1.05(-1) | 1.05(-1) | 1.04(-1) | 1.04(-1) | 1.04(-1) | 1.04(-1) | 1.04(-1)
75 9.86(-2) | 1.01(-1) | 1.01(-1) | 1.01(-1) | 1.01(-1) | 1.01(-1) | 1.01(-1) | 1.01(-1)
98 491(-2) | 5.15(2) |5.22(2) |5.24(2) |5.24(2) |525(-2) |5.25(-2) |5.25(-2)
510 2.61(-2) |2.78(2) |2.84(2) |2.86(-2) |2.86(2) |2.87(2) |2.87(-2) |2.87(-2)
y-20 2.80(-3) | 6.89(-4) | 8.46(-4) | 9.37(4) |9.63(4) |9.71(4) | 9.73(4) | 9.73(4)
Table 2. The relative errors with L, -norm of example (2) for m =2

27 2 27 27 27 2 27 27"
c 2
93 5.83(-2) | 4.63(2) | 4.20(2) | 4.02(2) |3.94(2) |3.90(-2) |3.88(-2) | 3.87(-2)
y4 4.19(-2) |2.93(2) |2.51(2) |235(2) |2.28(2) |225(-2) |2.23(-2) |2.22(-2)
75 3.31(-2) [ 1.98(-2) | 1.56(-2) | 1.40(-2) | 1.34(2) | 1.31(-2) | 1.30(-2) | 1.29(-2)
78 2.24(-2) | 1.01(2) | 5.10(-3) | 3.50(-3) |3.00(-3) |2.80(-3) |2.70(-3) | 2.70(-3)
510 1.66(-2) | 8.00(-3) | 3.60(-3) |3.00(-3) | 1.20(-3) | 1.10(-3) | 9.44(-4) | 9.44(-4)

246

Int. J. Appl. Sci. Eng., 2012. 10, 3




Asymptotic - Numerical method for Third-Order Singular Perturbation Problems

y 9.80(-3) | 3.60(-3) | 1.30(-3) | 5.07(-4) | 2.08(-4) | 9.35(-5) | 4.45(-5) | 1.98(-5)
Table 3. The relative errors with L, -norm of example (2) for m = 2 by classical finite difference scheme
> hio= 2 2 2°¢ 27 28 27 2710
23 1.42(-1) | 1.37(-1) | 1.38(-1) | 1.39(-1) | 1.41(-1) | 1.42(-1) | 1.42(-1) | 1.42(-1)
74 9.27(2) | 8.96(-2) | 9.08(2) | 9.28(-2) | 9.43(:2) | 9.53(2) | 9.59(-2) | 9.62(-2)
75 6.18(-2) | 5.90(-2) | 6.08(2) | 6.30(-2) | 6.47(:2) | 6.58(-2) | 6.63(-2) | 6.66(-2)
78 2.58(2) | 1.69(-2) | 1.74(-2) | 1.94(2) |2.11(-2) |221(2) |227(2) |231(-2)
510 2.14(2) | 9.50(-3) | 7.20(-3) | 8.20(-3) | 9.50(-3) | 1.05(-2) | 1.10(-2) | 1.14(-2)
y 2.00(-2) | 7.00(-3) | 2.40(:3) | 8.64(-4) | 3.21(4) | 2.62(-4) | 4.27(-4) | 3.41(-4)
Table 4. The relative errors with L, -norm of example (3)
> hio= 2 2 2°¢ 27 28 27 2710
-3 4.47(-2) [3.96(-2) |3.76(-2) | 3.68(-2) |3.64(-2) |3.62(-2) | 3.62(-2) | 3.61(-2)
74 2.85(2) | 2.30(-2) | 2.10(-2) | 2.03(2) | 1.99(2) | 1.97(2) | 1.97(-2) | 1.96(-2)
-5 2.13(2) | 151(2) | 1.30(-2) | 1.22(2) | 1.19(2) | 1.17(:2) | 1.16(-2) | 1.16(-2)
58 1.38(2) | 6.90(-3) | 4.10(-3) | 3.20(-3) | 2.80(-3) | 2.70(-3) | 2.60(-3) | 2.60(-3)
510 8.80(-3) | 5.30(:3) | 2.60(-3) | 1.50(-3) | 1.20(-3) | 1.00(-3) | 9.79(-4) | 9.57(-4)
y 2.81(-4) | 2.18(-4) | 1.62(-4) | 1.18(4) | 8.49(-5) | 5.88(-5) | 3.28(-5) | 1.51(-5)
5. Conclusions efficiency of the method we compare results
of one of example by the classical finite
In this paper, we presented a difference method for the given third order

asymptotic-numerical method for a class of
third order singularly perturbed boundary
value problems with suitable boundary
conditions. The third order boundary value
problem is transformed to asymptotically
equivalent second order boundary value
problem. This problem is solved
efficiently by using fitted Numerov method.
Two linear and one non-linear example are
solved to illustrate the method and relative
errors with L, -norms are presented to

support the method. To show the

singular perturbation problem.
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