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Abstract: In this paper, the most probable probability distribution for modelling the global solar
radiation of Ibadan is determined. The data used for the analysis consists of daily average global
solar radiation collected from International Institute of Tropical Agriculture (IITA) located in
Ibadan. The data span over the periods of nine years (2000-2008). Various distribution functions
are tested and most suitable one is determined using four different goodness of fit test. The
parameters of the best fitted distribution are calculated and the variations in the characteristic of
the global solar radiation are clearly shown. Some of the key results show that logistic
distribution present the best probability distribution for modelling global solar radiation of
Ibadan with Root Mean Square Error (RMSE) of 0.399 MJ/m?/day, Mean Absolute Error (MAE)
of 0.214 MJ/m?/day, Mean Absolute Percentage Error (MAPE) of 3.26% and coefficient of
determination (R?) of 0.989. The location and the scale parameter for the distribution varies over
a wide range from season to season and year to year: The location parameter varies from 8.25
MJ/m?/day in August 2001 to 18.58 MJ/m?/day in March 2001 and the scale parameter ranges
from 0.61 in February 2003 to 4.19 in July 2007. The month of August present the lowest mean
global solar radiation in most of the years. This paper is useful as first-hand information in the
prediction of future global solar irradiation for Ibadan having known the past behavior and for
fixing the missing data.

Keywords: Empirical models; probabilistic distribution function; global solar radiation; logistic
distribution; Ibadan; Nigeria.

1. Introduction

The knowledge of available solar radiation data of a location is a fundamental requirement
before embarking on any solar energy project such as photovoltaics farm, solar thermal systems,
and passive solar design [1]. Therefore, the data should be dependable and readily available for
design analysis, optimization and performance evaluation of solar technologies. Unfortunately,
many of the developing countries do not have the facilities for continuous and accurate
measurements of solar radiation because of the expensive measuring equipment and techniques
required. It is therefore necessary to develop alternative methods to estimate the solar radiation
of a potential location.
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In the past, various models has been developed to model solar global radiation from other
climatological data that are relatively easy to measured such as the maximum and minimum
temperature, sunshine hour, relative humidity, atmospheric pressure etc. Some probability
distribution functions have also been used to model global solar radiation: frequency distribution
of global solar radiation of Taiwan was investigated by Chang [2], he concluded that lognormal
distribution performs best in modelling the solar global radiation of Taiwan. In the same manner,
normal distribution was found appropriate for Beer Sheva, Israel [3]. However, Arthur et al
reported that different probability distribution may be used to model different month of the year
judging from the case of Kumasi, Ghana [4]. Other probability distributions that have been
reported for modelling global solar radiation in the literature include: Boltzmann distribution
function [5, 6], Gamma distribution function [7], Beta distribution function [8] and Dirichlet
distribution function [9]. In Nigeria, some authors have modelled global solar radiation using
different empirical models for some parts of the country. For example, factorial design has been
used in the modelling of global solar radiation in eight selected location in Nigeria [10], the
global solar radiation in some Northern area of Nigeria has also been modelled using Angstrom
model[11, 12]. Other empirical models that have been used for modeling global solar radiation in
Nigeria include: Page model [13], Garcia Model and Hargreaves Model [14-17]. Although, the
solar radiations for some part of Nigeria have been modelled using different empirical models,
but, none has modelled the global solar radiation using probability density function to the best
knowledge of the author. Knowing the probability distribution function and the parameters of the
distribution of any time series data (such as solar radiation data, wind speed data etc.) of a
location allows someone to be able to generate data that will have the same characteristic as the
actual data of the location in the future. This is important as it can serves as the starting point for
design analysis of any solar power project. In this study, the most probable probability
distribution function that best model the solar radiation data of Ibadan is determined using
statistical goodness of fit. The parameters of the distribution are determined and the variation in
the solar radiation of Ibadan is presented.

2. Area under Study and the Data Used

The location of the study area is Ibadan and it is situated in the South West of Nigeria on
latitude 7.4°N and longitude 3.5°S. It is a tropical region with population of about 3.8million
people. The inability of the electricity utility company to meet up with the required electricity
demand and the availability of good solar radiation throughout the years make the city of Ibadan
a good candidate for various solar power projects. The solar radiation data used for the analysis
was measured over a period of nine years (2000-2008) and was collected from the International
Institute of Tropical Agriculture (IITA) located in Ibadan. The data for these periods were
characterized by very few missing data; hence, it is believed that the pyrometer used for
capturing the solar irradiation was good and dependable during these periods. The long period of
observed data will allow the understanding of how solar radiation varies from month to month,
season to season and year to year.

3. Materials and Methods
It is impractical to report all statistical distribution functions as they are numerous to be

accommodated in the paper. However, several statistical distribution functions were tested and
the best seven among them were reported. They are: gamma, generalized extreme value, Weibull,
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extreme value, logistic, normal and lognormal distributions. The other statistical distribution
functions that are not listed are far from fitting the data.

3.1 Gamma Distribution
The probability density function of a Gamma distribution is given by equation (1)

X X
fo = I @) exp [—(Bﬂ a,b>0 (1)

where xis the measured solar radiation data, ais the scale parameter while bis the shape
parameter of the distribution. The cumulative distribution function is defined as

1 = t
F.= t*texp| —— (dt 2
Mo prr (a)g xp{ b} )

where 77(.) is the gamma function.

3.2 Extreme Value Distribution

Extreme value distribution is also known as Gumbel distribution. It has the probability density
function f. (X) and the cumulative distribution function F,(X) given by equation (3) and (4)
respectively.

1 -
fo (XA, 8)=— 3
a4, 5) 5° ©)

x4
R (x4 8)=e® " (4)

where A is the location parameter and £ is the scale parameter. The parameters can be
determined using the method of moment as given by (5) and (6)

A=E(X)-0.5772p )
p= B ©)

The mean, E(x), and the variance, var(x) of the global solar radiation, x are calculated as (7)
and (8) respectively

E(x)=ﬂ§1 x} @)

var(x) = %[i (x— E(x))2 } (8)

i=1

where n is the number of observations.
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3.3 Generalized Extreme Value Distribution

The generalized extreme value is a family of continuous probability distributions developed
within value theory to combine the Gumbel, Frechet and Weibull families. The probability
density function for the generalized extreme value distribution with location parameter « , scale
parameter ¢, and shape parameter 77 #0 is given by (9) [18, 19]

e Al S
For
1+77@ >0

n >0 is the type Il case and it correspond to distribution whose tail decreases as a polynomial.
n < 0is the type 111 case and it correspond to distribution whose tail are finite.

When, =0, then it is a the type | case and its density function can be written as (10). It
correspond to distribution whose tail decreases exponentially

foe(x77 =0)=Ejexp(—exp£(xga)}—(X_;‘)J (10)

Type |, 1l and Ill are sometimes refer to Gumbel, Frechet and Weibull types respectively. The
cumulative distribution function for n=0and 7n=0can be expressed as (11) and (12)

respectively

Foe(X,7 #0)=exp —(1+ nwj_n (12)

Fge(X177 =0)=exp| —exp [@)J (12)

3.4 Weibull Distribution

The Weibull probability density function (pdf) and its cumulative distribution function can be
expressed as (13) and (14) respectively

ful, )=5[5) 7 epofj } (13)
c\C C
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Ry (X) ﬂ—exp{—(%jk} (14)

where f,,(X) is the Weibull probability distribution of solar radiation, x. Weibull shape and

scale parameters are denoted by k and c respectively. Weibull kand ccan be determined
using maximum likelihood method [20, 21] as given by (15) and (16) respectively.

_gT,kln(x) Ianlln(x) _

k=1 i (15)

n
xK n
2

c= _;Zn: XK T/k (16)

i=1

1

3.5 Lognormal Distribution

Lognormal distribution probability density function and the cumulative distribution function
are given by equations (17) and (18) respectively.

1 —(Inx—p)?
T = o P 5 a7
21 _Inx=p
Fon (X)= 2erfc{ ol } (18)

where x>0 is global solar radiation, ®>0 is the lognormal shape parameter, x>0 is the
lognormal scale parameter, and erfc (.) is the complimentary error function. The @ and x can
be estimated using (19) and (20) respectively.

= In(1+ var(x) j (19)

E[x?]
var(x)
E(x?)

u=In E(X)-%In[l-F (20)

3.6 Logistic Distribution
Logistic distribution has the shape of normal distribution but with heavier tail i.e. higher

kurtosis. [22]. The PDF and the CDF of this distribution can be expressed as (21) and (22)
respectively.
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exp(—x?yj
fles) = 7 (21)
s(1+exp(—(x_;’/)jj
1
F o (22)
e 1+exp(—xgwj

where  is the location parameter and sis the scale parameter of the distribution. Both
parameters can be evaluated using equation (23) and (23) respectively.

y =E(X) (23)

. 3fvargx) (24)
T

3.7 Normal Distribution

The normal probability density function and the cumulative distribution function can be
expressed as (25) and (26) respectively.

fu(T)= \/zl%exp{_(g;f’ ) } 9)
1 T —u
F. (T, ):E{Herf (Izﬁﬂ (26)

The parameters ¢ and o are as given in (7) and (8), respectively.

4. Performance Evaluation of the Distribution Functions

Four different statistical goodness of fits were used to evaluate the distribution function that
best fit the global solar radiation of Ibadan. They are: Mean Absolute Error (MAE) in

(MIm~2day™!), Root Mean Square Error (RMSE) in (MJm2day™!), Mean Absolute Percentage

Error (MAPE) in (%) and Coefficient of Determination (R?). The criteria can be evaluated as
given by equations (27)-(30) respectively. The lower the value of RMSE, MAE, MAPE, the

better the goodness of fit. Similarly R?is simply the square of correlation coefficient. It is used
to determine to what extent a prediction can be made from a model. The relationship between the

variables is determined as 0 < R® <1with 1 being the perfect fit. The closer the value of R?to 1,
the better the fit to the actual variables.

n

1 . RV
RMSE = \/HZ(xa(l)—xp(l)) (27)

i=1
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MAE = —Z(/ Xa()) =X, (i) /) (28)
i=1
MAPE = - 2-1: (a()a_f)p()) *100% (29)
n 2
z([ )= E ()] [ %,0)- E(xp(i))])
R? =| - (30)
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where x (i) is the i" measured global solar radition, X, (i) is the i" predicted global solar
radiation, n is the number of observed global solar radiation.

5. Result and Discussion

Figure 1 depicts the comparison in the monthly mean global solar radiation for each year from
2000-2008. The figures revealed that the month of August present the least global solar radiation
in most of the years under study followed by the month of July and September. The average
values of global solar radiation for these months as furnished in Table 1 are 10.7, 12.0 and 12.9
MJ/m?/day, respectively with the standard deviation of 3.5, 3.3 and 3.3 MJ/m%day. This is
expected as these months fall within the wet season of the year when it is always cloudy and dull
as a result of rainfall. The highest value of global solar radiation occurs in the month of March
with mean value of 16.8 MJ/m?/day and standard deviation of 2.67 MJ/m?/day follows by the
month of April with the average value of 16.6 MJ/m?/day and standard deviation of 3.7

MJ/m?/day.
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Figure 1. Comparison of the monthly average global solar radiation for each of the year (2000-2008)
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Table 1. Average Value of Global Solar Radiation Over Nine Years Period
Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec
Mean 134 151 16.8 165 159 145 12 107 129 143 149 137
std 24 22 267 37 35 33 33 35 33 39 22 28

In order to determine the most probable statistical distribution that can accurately model the
global solar radiation of Ibadan, various statistical distributions were tested. However, only
seven of the tested distributions that best approximate the global solar radiation data are
presented in this paper due to lack of space and the results are presented in Table 2. It can be
observed from the table that logistic distribution present the best statistical goodness of fit in
modelling the global solar radiation data of Ibadan with RMSE of 0.399 MJ/m?/day, MAE of
0.214 MJ/m?/day, MAPE of 3.26% and R? of 0.989. Logistic distribution is competitively
followed by normal distribution with RMSE of 0.475 MJ/m?/day, MAE of 0.346 MJ/m?%day,
MAPE of 5.88% and R? of 0.981. The statistical distribution functions are fitted to the actual
global solar radiation data as shown in Figure 2. It can be observed from the figure that logistic
distribution closely matches with the measured data followed by the normal distribution. This
confirms the accuracy of the statistical test.

The location () and the scale (s) parameters of logistic distribution (most suitable

distribution) are determined for various months of the year from 2000- 2008, the result is
furnished in Table 3. From the table, it can be observed that both the location and the scale
parameter vary over a wide range of values indicating the wide variations in the global solar
radiation of Ibadan. The location parameter varies from 8.25 MJ/m?%day in August 2001 to 18.58
MJ/m?/day in March 2001 and the scale parameter ranges from 0.61 in February 2003 to 4.19 in
July 2007. The monthly variation in the probability distribution of the global solar radiation over
the period of nine years is depicted in Figure 3. It can be inferred from the figure that many years
of observed data are required to make a reasonable conclusion on the implementation of any
solar power project as a result of wide variation in solar characteristic.

Table 2. Performance Evaluation of Statistical Distribution for Modelling Global Solar Radiation in Ibadan

Statistical Performance Evaluation using statistical goodness of fit
Distributions RMSE MAE MAPE R? Order of
(MJ/m?day) (MJ/m?/day) (%) good fit
Logistic 0.399 0.214 3.26 0.989 1st
Weibull 0.522 0.382 6.10 0.979 3rd
Lognormal 0.681 0.510 9.35 0.949 7th
Gamma 0.583 0.429 7.36 0.970 5th
Extreme Value 0.619 0.452 7.99 0.966 6th
GEV 0.548 0.422 6.89 0.974 4th
Normal 0.475 0.346 5.88 0.981 2nd
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Figure 2. Fitting of Probability distributions to the global solar radiation data of Ibadan
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Table 3. Monthly Logistic location parameter y (MJ/mZ/day), and scale parameters s (MJ/m2/day) for all

the years
Month para 2000 2001 2002 2003 2004 2005 2006 2007 2008 Whole
Jan v 1182 1256 1258 15.33 12.60 14.87 11.02 13.26 13.47 13.36
S 117 068 080 142 097 070 174 072 107 133
Feb v 1551 16.80 14.19 1540 1691 1556 13.33 14.56 14.66 15.18
S 083 108 066 061 109 131 112 111 087 118
Mar v 17.12 1858 16.48 16.58 17.38 17.99 15.39 15.34 17.39 16.95
S 115 113 148 084 073 138 164 182 134 141
Apr 14 16.53 16.89 17.19 15.70 16.82 18.29 1556 15.65 16.84 16.74
S 176 172 189 092 180 146 140 319 189 200
May 14 17.07 1752 1591 1552 14.13 17.99 1594 16.17 18.03 16.05
S 198 145 141 073 074 138 181 173 221 181
Jun 4 1596 16.00 14.09 1396 13.62 13.15 14.15 15.21 15.75 1453
S 176 166 097 131 086 200 194 223 216 1.78
July v 1296 1312 1294 10.99 12.60 11.18 10.08 11.29 13.81 12.08
S 236 219 09 18 097 169 181 171 235 191
Aug v 1027 825 12.08 12.62 12.06 8.64 9.77 11.67 10.71 10.76
S 227 129 098 107 083 18 295 162 214 193
Sept v 1334 1153 1350 13.17 13.76 13.04 11.28 13.72 13.28 12.99
S 169 204 086 159 121 157 235 265 193 186
Oct v 1547 1397 1391 1492 1393 1436 14.09 13.83 16.30 14.59
S 191 150 096 156 153 227 219 419 177 205
Nov ¥ 820 1505 13.68 13.60 13.66 1597 16.99 1529 14.31 14.85
S 069 091 058 053 047 154 113 123 155 1.26
Dec 4 1445 12,97 1540 1410 13.61 13.99 14.00 14.23 11.94 13.86
S 105 125 165 074 084 098 098 162 175 146
Year 4 1485 1452 14.09 1440 1430 14.47 13.43 14.15 1471 14.34
S 200 230 142 141 142 216 241 223 217 197
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Probability Density Function

Global Solar Radiation (MJ/m?/day)

Figure 3. Plot showing monthly variation in global solar radiation of Ibadan

There are two main seasons in the country: the wet season which starts from the month of May
to October with the peak in August and the dry season which span over the period of November
to March with the peak in March. The yearly seasonal logistic parameters are computed and the
results are displayed in Table 4. The table shows that i vary from 12.83 MJ/m?%day in 2006 to

14.6 MJ/m?/day in year 2000 while s vary from 1.61 in year 2003 to 2.67 in year 2001 in the dry
season. In the case of dry season, y vary from 14.19 MJ/m?/day in 2006 to 15.55 MJ/m?/day in

2005 while svary from 1.09 in 2003 to 2.04 in 2006. The dry season has higher value of
location parameters compared to the wet season. This is because the observed values of solar
radiation are higher during the dry season compared to the wet season. The variation in the
seasonal distribution and yearly distribution are shown in Figures 4 and 5, respectively.

6. Conclusion

The most probable probability distribution function for modeling the global solar radiation of
Ibadan, South West Nigeria has been determined and the parameters of the distribution calculated.
From the study, it is concluded that logistic distribution is the most appropriate probability
distribution function for modelling the global solar radiation of Ibadan with Root Mean Square
Error (RMSE) of 0.399 MJ/m?/day, Mean Absolute Error (MAE) of 0.214 MJ/m?%day, Mean
Absolute Percentage Error (MAPE) of 3.26% and coefficient of determination (R?) of 0.989.

Table 4. Seasonal Logistic location parameter (v ) (MJ/m?/day), and scale parameters (S ) (MJ/m2/day)
for each of the year (2000-2008)

2000 2001 2002 2003 2004 2005 2006 2007 2008 whole

Wet ¥ 1460 14.06 1397 1392 13.65 1343 1283 1387 1431 13.93

S 236 267 148 161 138 251 261 274 247 225
Dry 4 1513 15.00 14.24 1493 1522 1555 1419 1447 15.02 1481
S 145 173 133 109 130 142 204 141 169 152
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Figure 4. Seasonal variation in the logistic (a) probability density function (b) cumulative probability function
of global solar radiation of Ibadan
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Figure 5. Yearly Variation in the logistic (a) probability density function (b) cumulative probability function of
daily average global solar radiation for the city of Ibadan

Global solar radiation has the highest value in the month of March with the average value of
16.8 MJ/m?/day and standard deviation of 2.67 MJ/m?/day. The lowest value occurs in the
month of August with the average value of 10.7 MJ/m?/day and standard deviation of 10.7
MJ/m?/day. The location parameter of the distribution (logistic distribution) over the period of 9
years is calculated to be 14.34 MJ/m?/day while the scale parameter is determined to be 1.97.
The results of this study is useful as a first-hand information to the engineers, investors,
individuals and government policy makers who are interested in solar power project in Ibadan,
Nigeria. Future research emanating from this study will predict the future global solar radiation
of Ibadan using Logistic distribution
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